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Abstract

This paper studies the problem of optimal taxation of commodities when consumption
is a time consuming activity. This is done under two distinct preference separability
assumptions: between goods and labor supply, and between goods and leisure. It argues
that with labor separability, the traditional uniform taxation results of optimal tax the-
ory continue to hold. With leisure separability, on the other hand, consumption time is
a major ingredient of optimal tax rates. However, the relationship between consumption
time and optimal tax rates depends crucially on the representation of the economy. In
representative consumer economies, time differences determine the pattern of optimal
tax rates so that goods whose consumption take more time are subjected to higher tax
rates. When individuals have different earning abilities, redistributive, incentive and
efficiency considerations also come into play resulting in a complex relationship. The
paper derives formulas for optimal commodity taxes in this case on the basis of three
different tax structures: linear commodity taxes in combination with linear and nonlin-
ear income taxes, and nonlinear commodity taxes in combination with nonlinear income

taxes.

JEL classification: H21: D13; J22.
Keywords: Household production; optimal taxation; separability in leisure; separability
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1 Introduction

Labor supply plays a critical role in the theory of optimal commodity taxation. It is thus
rather surprising that the optimal tax literature has paid little attention to the model
of labor supply that underlies it. An obvious alternative to the standard model of labor
supply is Becker’s (1965) household production function. This is particularly relevant
from the perspective of optimal tax theory in that Becker’s accounting of consumption
time, breaks the artificial dichotomous division of time into “labor supply” and “leisure”.
This approach teaches us that leisure is not identically equal to time away from work.

Given that the time taken in consumption varies across goods, one might reason-
ably expect that with Becker’s formulation, the nature of second-best taxes would be
different from the traditional literature. Gahvari and Yang (1993) were the first to
study this question. Specifically, they examined the nature of optimal commodity taxes
(on market-purchased goods), using Becker’s formulation, for three special cases stud-
ied in the traditional literature: a perfectly inelastic labor supply; directly additive
preferences; and the inverse elasticity rule. More recently, Kleven (2004) uses Gahvari
and Yang’s (1993) framework! to study the implication of “weak separability” between
leisure and goods —yet another special case of interest studied in the traditional liter-
ature.?

Weak separability, however, can take two distinctly different meanings, and formu-
lations, when one moves away from the standard model of labor supply and into the
Becker’s approach. Whereas in the traditional model, the separability between labor
supply and goods is the same as separability between leisure and goods, this is no longer
the case with Becker’s formulation. The two assumptions yield radically different results

for what the optimal tax rates should be. The aim of the current paper is to examine the

! Although Kleven (2004) asserts that his paper is close to Gahvari and Yang (1993) only in “spirit,”
he uses an identical setup in which time and market-purchased goods are used in fixed-proportions.

2By goods I mean non-leisure goods. This terminology is adopted for brevity and used throughout
the paper.



nature of these differences. It studies the implications of the two separability assump-
tions in models with homogeneous and heterogeneous agents. Gahvari and Yang (1993)
and Kleven (2004) have been concerned solely with one-consumer economies. Moreover,
in studying the heterogeneous agents case, I differentiate between models when the gov-
ernment has access only to a linear income tax (the “Ramsey approach” to optimal
taxation) and when it can also levy a nonlinear income tax (the “Mirrlees approach” to
optimal taxation.)

In the traditional optimal tax theory, the role of the separability assumption is to
block differential commodity taxes from having any efficiency properties, and, if individ-
uals have different earning abilities, redistributive concerns as well. When consumption
is time consuming, this blockage is no longer as absolute. Moreover, its degree of ef-
fectiveness depends on whether the agents are homogeneous or heterogeneous. When
individuals are all alike, the only effect of differential commodity taxation that sepa-
rability cannot isolate (when consumption is time consuming), is the differential time
spent on consumption of different goods. On the other hand, when individuals are het-
erogeneous, an additional factor comes into play. This is due to the fact that time spent
by different individuals in consumption (even for the same good) have differing oppor-
tunity costs. This additional factor results in a different “rule” for optimal taxation in
many-consumer economies despite the separability assumption.

The traditional literature contains three types of results on ineffectual differen-
tial commodity taxation (commonly called tax uniformity results). The first is due
to Sandmo (1974). He proved that if preferences are separable in leisure (or labor sup-
ply) and goods, with the subutility for goods being homothetic, optimal commodity
taxes are proportionately uniform. Sandmo’s result is derived within the context of the
traditional one-consumer Ramsey problem and embodies only efficiency considerations.
Kleven (2004) studies how Becker’s approach, as modeled by Gahvari and Yang (1993),

changes Sandmo’s one-consumer-economy-tax-uniformity result. He shows that separa-



bility between leisure and goods implies that optimal commodity tax on every good is
inversely related to the ratio of its market price to its “full cost” (the market price plus
the opportunity cost of time used in consumption). He calls this result “the inverse
factor share rule.” This is in fact another facet of Gahvari and Yang’s(1993) original
result (derived under the assumption that labor, but not leisure, is perfectly inelastic
in supply). As they noted “Market goods that are more time intensive in consumption

. should be taxed at higher rates than market goods that are less time intensive in
consumption” (p. 484).

The case presented by Kleven, however, is not the only counterpart to Sandmo’s
traditional result under separability when consumption is time consuming. Sandmo’s
result can be stated equivalently in terms of separability between leisure and goods, and
between labor supply and goods. This equivalence is an integral feature of the traditional
model of labor supply. With Becker’s specification, on the other hand, separability
between labor supply and goods is no longer identical to separability between leisure
and goods. Interestingly, Becker’s formulation will not change the uniformity result
of the traditional literature, if the presumed separability is between labor supply and
goods.

The second type of uniformity results has its origin in Atkinson and Stiglitz (1976).
They showed that, for a particular example of preferences, a linear income tax calls
for proportionately uniform commodity taxes. Deaton (1979) generalized this result
and proved that it holds for all preferences that are weakly separable between labor
supply and goods, provided that all consumers have linear Engel curves for goods in

3

terms of income.® Within this framework, i.e. assuming individuals differ in earning

3 Atkinson and Stiglitz (1976) had claimed that their result holds as long as preferences over labor
supply and goods correspond to the linear expenditure system. This was later proved by Atkinson (1977).
Deaton (1981) re-examined the uniformity issue on the basis of quasi or implicit separability. Deaton
and Stern (1986) generalized Deaton’s (1979) result, who had assumed all individuals have identical
tastes, by allowing for a bit of taste differentiation. Engel curves can now have different intercepts while
the government is enabled to make differential lump-sum grants conditioned on observable household
characteristics. Finally, Besley and Jewitt (1995) have discussed the uniformity issue with particular



ability, and ruling out a general income tax, I show that the traditional optimal tax
results remain unchanged if preferences are separable between labor supply and goods
and the subutility of goods is homothetic.* Next, I assume that the separability is
between leisure (as opposed to labor supply) and goods and derive a formula for optimal
commodity taxes when consumption is time consuming. I show that, ceteris paribus,
goods whose consumption take more time should be taxed at a higher rate. Similarly,
goods whose consumption take the same time, if there are any, should be subjected to
the same tax rate. Nevertheless, unlike the one-consumer case studied by Kleven (2004),
the optimal tax rates cannot be characterized by a simple inverse relationship between
tax rates on goods and the ratios of goods’ market prices to their full costs. Distributive
considerations enter into the picture as well.

That distributive concerns matter is quite intuitive. The additional efficiency con-
siderations arise because when the opportunity cost of time differs across individuals,
the “full opportunity cost of consumption” (opportunity cost of time taken for consump-
tion plus the producer price of the good) will be different for different individuals. This
implies that the compensated price elasticity of leisure with respect to goods will also
differ across individual types (despite the separability and homotheticity assumptions).
Consequently, the excess burden of commodity taxes will depend on who consumes any
given taxed good. Such considerations are plainly absent in one-consumer economies.
They are also absent in traditional optimal tax models where consumption is not time
consuming (and the full opportunity cost of consumption is simply the producer price
of the good in question).

The third and most influential uniformity result is due to Atkinson and Stiglitz (1976).
This classic paper on the design of tax structures was particularly concerned with the

usefulness of commodity taxes in the presence of a general income tax in many-consumer

emphasis on the circumstances under which first-order conditions are sufficient for the problem.
4This assumption implies that Engel curves are not only linear but that they go through the origin.



economies.® It proved that if the government can levy a general income tax, and if pref-
erences are weakly separable in labor supply (or leisure) and goods (homotheticity is no
longer required), then commodity taxes are not needed as instruments of optimal tax
policy.® Using Stiglitz’s (1987) reformulation of the Mirrlees (1971) optimal tax prob-
lem, and Becker’s household production approach, I derive a general formula for optimal
commodity taxes in an economy with many types of agents and many goods. The for-
mula is quite general. In particular, it is not based on the “single-crossing” property
and I make no assumptions regarding which self-selection constraints bind. I show that
if separability is between labor supply and goods, Atkinson and Stiglitz’s uniformity re-
sult continues to hold. On the other hand, assuming preferences are separable in leisure
and goods, I show that time taken in consumption does matter for optimal taxation. In
particular, I prove that any two goods whose consumption take the same time, should
have identical tax rates. Nevertheless, the optimal tax formula is more complex than
what the inverse factor share rule of one-consumer economies implies. Redistributive
and incentive terms also enter into the optimal tax formula. Additionally, the relative
commodity tax rates faced by different individuals differ across types, with the highest
ability type facing no differential taxes.”

Finally, I apply Becker’s household approach to a version of the Mirrlees (1971) op-

5The ineffectiveness of commodity taxes and their proportionately uniform tax treatment boil down
to the same thing. In the absence of exogenous incomes, the government will have an extra degree
of freedom in setting its income and commodity tax instruments. This reflects the fact that demand
function will then be homogeneous of degree zero in consumer prices and lump-sum grants, if any. In
consequence, the government can, without any loss of generality, set one of the commodity taxes at zero
(i.e. set one of the commodity prices at one). Under this normalization, uniform rates imply absence of
commodity taxes.

6 Atkinson and Stiglitz assumed that individuals have identical preferences and differ only in their
earning abilities. Mirrlees (1976) generalized the result by examining the type of preferences which
make commodity taxes redundant while allowing for taste differentiation.

"Thus Kleven (2004, p. 554) is incorrect when he claims that with heterogeneous agents, “we may
apply the Atkinson and Stiglitz (1976) proposition stating that the optimum involves uniform taxation of
consumption goods, provided that leisure is weakly separable in utility. In the Becker context, however,
this result translates into a uniform tax on household activities which gives us the inverse factor share
rule.”



timal tax problem in which commodity taxes are constrained to be linear. This is the
tax structure one can justify best on informational grounds. Whereas Mirrlees’s original
framework requires the tax authorities to observe individual consumption levels, this re-
formulation requires information only on anonymous transactions. I derive the formulas
for the optimal commodity taxes in this case and show that, as previously, time taken
in consumption, incentive and redistributive motives all play a role in determining the
optimal tax rates. If consumption time is the same for all goods, optimal commodity
taxes are uniform. However, when consumption times differ across goods, higher con-
sumption time does not necessarily imply a higher tax rate. The inverse factor share

rule again fails to hold.

2 The one-consumer economy

Consider an economy in which the representative consumer derives utility from leisure,
[, and n produced goods x = (1, x9, . .., x,). The individual is endowed with one unit of
time. The economy’s production technology is linear with labor, L, the only factor used
in production of z. Relative producer prices of  and L are thus constant. By choice of
units, prices of x;’s are all set equal to one. The wage is denoted by w. Consumption
of one unit of x; takes a; units of time. The individual then faces a time constraint of

the form,

n
L+Z+Zai$i:1, (1)
=1

in addition to the budget constraint

> giwi = wL +G, 2)

i=1
where ¢; = 1 + t; is the consumer price of x;, t; is the unit excise tax on x; and G is

lump-sum income (if any).®

8Observe that this formulation is formally identical to Gahvari and Yang’s (1993), as well as
Kleven’s (2004). They stipulate that the consumer derives utility from n “consumption activities”:



In describing the representative individual’s behavior, one may proceed in two ways.
First, represent the individual’s preferences by a utility function written in terms of
labor supply and other goods

U=U(L, z), (3)

where U(-) is strictly monotonic, quasi-concave and twice differentiable. Alternatively,
one can represent the preferences by a utility function written in terms of leisure and
other goods,

Q=Q(, z), (4)

with Q(-) being strictly monotonic, quasi-concave and twice differentiable. Of course,

the two formulations are equivalent and related to one another according to”
n
Q,z)=Q(1—-L— Zaizni,g) =U(L,z).
i=1

In the traditional model of labor supply, it makes no difference if one assumes that
preferences are separable in leisure and produced goods, or in labor supply and goods.
The two assumptions are identical. This is not the case with Becker’s formulation of
labor supply. Specifically, if the assumption is made in terms of labor supply then we will
have the traditional uniform taxation result (assuming that homotheticity assumption
is also satisfied). On the other hand, if the separability assumption is made with respect
to leisure, tax rates will be directly related to the ratio of their “full cost” to their market

price. The following two subsections prove these assertions. It must also be clear that

21,22, ...,%n, and leisure, where z; (j =1,2,...,n) is “produced” using a market-purchased good, x;,
and a time input, ¢;, according to the Leontieff production technology

zj:min(z—;,a—;>, J=12,...,n.
If b; is normalized at one (for all i = 1,2,...,n), the two formulations coincide.

°0Or .
UlL,z)=U(1-1- Z a;zi,z) = Q, z).
=1



which assumption one should adopt is not a question that can be answered on a priori

reasoning.

2.1 Labor separability

Consider the behavior of an individual who maximizes (3) subject to (2). This yields

the first-order conditions

These conditions plus equation (2) lead to the labor supply function L = ﬁ(g, w, @),
demand functions z; = “(g¢w,G), i = 1,2,...,n, and the indirect utility function
v = 0(q, w,G). Assume now that U(L,z) is weakly separable in L and z and that the
subutility in z is homothetic. One can then easily establish, following Sandmo (1974),

that optimal tax rates on xz;’s are uniform.

2.2 Leisure separability

Now consider the behavior of an individual who maximizes (4) subject to (2). Substitute
for L from (1) into (2) to rewrite it as

n

> (g + asw)z; = w(l — 1) + G. (5)

i=1
Then choose | and z to maximize Q(-) subject to (5). This yields the first-order condi-
tions

Ql w

- Y =12 .0
Q¢+ aw

Denote ¢; = ¢; +a;w (i = 1,2,...,n) and ¢ = (41, G, - - -, ¢n). The above conditions plus
equation (5) then lead to the demand functions I = [(¢, w, G), x; = x;(¢,w, G), and the
indirect utility function v = v(q, w, G).

Next assume that () is separable in | and z, with the latter the subutility be-

ing homothetic. Writing the Ramsey tax problem for this case, using a result from



Sandmo (1974), I prove in the Appendix that

l:uw’ i=1,2,...,n, (6)
4i e 4i

where p is the shadow cost of public funds (the Lagrange multiplier associated with the
government’s revenue constraint), v = a+ ), t;(0z;/0G) is the “social marginal utility
of income” (« is the marginal utility of income), and e is the cross-price elasticity of
compensated demand for [ with respect to any one of the goods (same for all goods
when preferences are separable in leisure and goods). Equation (6) shows that there is
a direct relationship between the optimal tax rates and the ratios of the goods’ “full
cost” to their market price. This can also be stated in terms of an inverse relationship
between tax rates and the ratios of the goods’ market price to their full cost—what
»10

Kleven calls the “inverse factor rule.

One may also rewrite (6) in another informative way:

ts 1
b 20019 (7)
t; 1+aw

That is, the tax rates are such that they keep the relative “full opportunity costs” of
goods (their producer price plus time cost of consumption) unchanged. This is of course
a variant of the uniform taxation principle.

These results are summarized as:

Proposition 1 Assume consumption of one unit of x; takes a; units of time (i =
1,2,...,n), so that, in a representative consumer economy, each person faces a time
constraint given by equation (1).

(i) If preferences are weakly separable in L and x with the subutility in z being

homothetic, optimal commodity tazes are uniform.

10As observed earlier, this is very much related to Gahvari and Yang’s (1993) original result (in
spirit?) that relatively more time intensive goods should be taxed at higher rates. Observe also that
Kleven (2004) proves this result by minimizing the excess burden of commodity taxes. However, I prove
this by the standard method of maximizing the indirect utility function with respect to the tax rates.



(ii) If preferences are weakly separable in | and x with the subutility in z being

homothetic, optimal commodity tazes are characterized by equation (6).

3 The many-consumer economy a la Ramsey

Consider the same economy as in the previous section, but now assume that it is in-
habited by individuals who differ in earning ability (they continue to have identical
taste). Specifically, assume there are H different earning abilities, with a person of type
h earning w" (h = 1,2,..., H). Continue to normalize the population size at one, and
denote the proportion of persons of type h in the population by 7.

Observe that the optimization problem of individuals in this setting remains the
same as that in the representative consumer case. Denote a h-type person’s indirect

utility function by v"(-) and let

S (+"()). (8)
h=1

represent the social welfare function for the economy (where W(.) is concave and twice
differentiable). Let G denote the lump-sum rebate that the government pays to each
person regardless of his type. The optimal tax problem is to determine the values of G
and the commodity tax vector (¢1,ts, ..., t,) which maximize social welfare subject to

the government’s external revenue requirement, R,
n H
S (z wh:cy) G:R o)
i=1 h=1
3.1 Labor separability

Assume that the direct utility function behind v"(.) is U(L, z) so that v" = v(g, w", G).
If U(L,x) is weakly separable in L and z, one can reformulate the individual’s prob-
lem using a two-stage optimization procedure (optimizing first over consumption goods

conditional on labor supply); see Deaton and Muellbauer (1980). The “conditional”

10



indirect utility function will then take the form of v" = v(¢g, w"L" + G).!! The structure
of the optimal tax problem will then be identical to the standard model. Thus, if the

subutility in x is homothetic, the traditional uniform tax result, as originally proved by

Deaton (1979), holds.!'?

3.2 Leisure separability

Assume now that the direct utility function behind v"(.) is Q({, z) so that v" = v(g, w", G).
If Q(I,x) is weakly separable in [ and z, again using a two-stage optimization proce-
dure on the part of the individual, the conditional indirect utility function will take
the form of v" = v (g, wh(1 —1") + G) . I show in the Appendix that with these pref-
erences, assuming that the subutility in z is homothetic, the optimal commodity taxes

are characterized by

t — _h h
A Zﬂ_h'y_ Z qs + asw 7 (10)
gs 3 Y€ gs
where
ol
h — 1(..h
= YR
F=WN5g

is the h-type individual’s social marginal utility of income,
ozl
h — nh E i
’7 /3 + lu’ - (2 aG 9

is the h-type individual’s net social marginal utility of income, p is the shadow price of
government revenue (the Lagrangian multiplier on the revenue constraint), 7 = >, mwhah
is the mean of 7*’s, and €” is the cross-price elasticity of the h-type’s demand for leisure
with respect to any one of the produced goods. Observe that the separability and
homotheticity assumptions imply that €” is the same for all goods.

Equation (10) is the counterpart of (6) that characterized optimal tax rates in a one-

consumer economy. If as = 0 foralls =1,2,...,n, t;/qs = >, 7" (F—~")/7€", and one

“This entails an abuse of notation in that v(g, w"L™ 4 G) has a different functional form from
v(g,w", G).
12This will be the case as long as one has interior solutions for [ and z.

11



has the traditional uniform tax result. When as # 0, we have some version of the inverse
factor share rule; albeit not the simple version of the one-consumer economy case. It is
clear from (10) that all goods whose consumption take the same time should have the
same tax rate. It is also clear that when a4 differs across goods, t; moves positively with
as; that is, the more time intensive goods will have a higher tax rate. Nevertheless, the
optimal tax rates are not governed only by the ratio of their “full cost” to their market
price. Distributive considerations enter into the picture through v*. Moreover, efficiency
terms also come into play as reflected by €"—the h-type’s compensated price elasticity
of leisure with respect to goods. Intuitively, because the opportunity cost of time differs
across individuals, the full opportunity cost of consumption will be different for different
individuals. One would then expect that €"’s also to differ across individuals, despite
the separability and homotheticity assumptions.

The impact of redistributive and efficiency considerations on the relative tax rates is
seen most clearly from the following expression derived directly from (10) by substituting
1+t for gs.
1+ 0Oag

ts ,
LT =1,2,... 11
tl 1—1—@(1/@’ Z?'s Y Y 7n7 ( a)

where
o = Ty T =Ml
Y0 7T — ]

Equation (11a) corresponds to equation (7), its counterpart for the one-consumer case.

(11b)

h

Observe that any different configuration of v*’s or ¢®’s imply a different value for ©

and, with it, a different ratio of tax rates for the same as and a; (as long as a, # a;).'3

The discussion in this subsection is summarized as

Proposition 2 Assume the economy is inhabited by individuals who differ in earning

ability but have identical preferences. It takes each person a; units of time to consume

3Time differences in consumption become irrelevant if the social planner has no equity objectives.
Setting 4" = 7 (for all h = 1,2,..., H) in (10) implies that t; = 0 for all s = 1,2,...,n. All revenues
are then raised from a head tax.

12



one unit of good i (i =1,2,...,n). Tax instruments are constrained to be linear.

(i) If preferences are weakly separable in labor supply and goods, with the goods
subutility being homothetic, optimal commodity taxes are uniform.

(ii) If preferences are weakly separable in leisure and goods, with goods subutility in

x being homothetic, the optimal commodity tazes are characterized by equation (10).

4 The many-consumer economy a la Mirrlees

The presence of a general income tax changes the landscape for optimal taxation. In
the traditional model, weak separability between goods and leisure (or labor supply)
becomes sufficient for the redundancy of commodity taxes; homotheticity of the goods
subutility is no longer required. To characterize the optimal tax rates, I consider the
standard equivalent problem of the government first choosing optimal allocations subject
to resource balance and self-selection constraints. Having derived the optimal allocation,
I then describe the tax structure that can implement it.'

Let w® denote the wage of an individual of “type” k, with w* > w" whenever k > h.

Introduce a type-specific utility function describing preferences over x;’s, and I = wL,

I I
uW[,g)zQ(l—m—Zai:Ei,g) EU(W,£>. (12)
(3
Denote the utility level of a h-type individual by u” when he chooses the allocation
intended for him, and by u"* when he chooses a k-type person’s bundle; namely,
ut =l "), (13a)

u = wh(IF, 2. (13b)

1 Observe that as long as a;’s do not differ across individuals, this problem remains very much within
Mirrlees’s original formulation with a single source of heterogeneity (ability). On optimal tax models
with multi-dimensional heterogeneity see, among others, Cremer and Gahvari (1998, 2002); Cremer,
Gahvari and Ladoux (1998, 2001); and Cremer, Pestieau and Rochet (2001).

13



One can describe the set of Pareto-efficient allocations as follows. Let 6" (h =1,2,..., H)

denote a positive constant with the normalization Zthl 6" = 1. Maximize

H

> s (14)

h=1

with respect to z", y" and I"; subject to the resource constraint

H
th(lh—Z:E?—yh) >R, (15)
h=1 i

and the self-selection constraints
u>u h#k hk=1,2,... H. (16)
4.1 Labor separability

Ignore Q(.) in (12). The problem (12)—(16) has precisely the same structure as the tra-
ditional optimal tax problem with different individual types. One can then derive the
first-order conditions for the government’s optimization problem. These conditions, in
conjunction with the economy’s resource constraint, characterize the economy’s Pareto-
efficient allocations constrained by self-selection. Using the standard arguments, one
can show that if U(L,z) = U (L, ¢(z)), commodity taxes are not needed for the imple-

mentation of these allocations.!?

15 A referee asks “where the time constraint enters the analysis here”. The answer is that it depends

on whether preferences are originally defined over labor supply and goods or leisure and goods. In
the former case, the time constraint comes into the picture only with respect to the determination of
leisure (assuming an interior solution). This parallels the traditional model with L 4+ [ = T where, with
such a preference specification, T affects [ but plays no role in the choice of L and z. In the latter
case, the time constraint is embedded in ¢(z). To see this most clearly, consider preferences that are
quasi-linear in [ so that Q = [ + b1 Inx1 4 b2 Inz2. Using the time constraint, one can rewrite this as
Q=—-L+14 (bilnz1 —arz1) + (b2 Inze — asx2) = U (L, ¢(x)).

Observe also that the uniform commodity tax result holds as long as one has a interior solution for
[ and z. In the traditional optimal tax problem, this implies that at the equilibrium 0 < L"* < 1,
or alternatively 0 < I"™ < w". In the present setting, with the time constraint being different, the
implication is that at the equilibrium, 0 < I < w" (1 -3 ai:ci) .

14



4.2 Leisure separability

Now ignore U(.) in (12) and assume that preferences are weakly separable in leisure
and goods: Q(l,z) = Q (1 —I/w" — 3", a;z;, f(z)). In the Appendix, I derive the first-
order conditions for the government’s optimization problem in this case. Again, these
equations, in conjunction with the economy’s resource constraint, characterize the econ-
omy’s constrained Pareto-efficient allocations. The characterizations that I derive are
quite general. In particular, they are not based on the “single-crossing” property. The
self-selection constraints associated with a h-type mimicking a k-type and a k-type mim-
icking a h-type can simultaneously bind. It is also possible to have “bunching”. On the
basis of the characterizations, denoting the (non-negative) Lagrangian multipliers asso-
ciated with the resource constraint (15) by u, and with the self-selection constraints (16)
by A T am able to show that the relative optimal tax rates on goods s and 7 facing a h-

type individual (#?, t?) has the following specification (s,i =1,2,...,n;h=1,2,..., H):

ERe)

14 th _ as QU — a; Q" MFhQlh (Q_? B %) (17)
1+ th —a; QP + QF = prh \ Qb Qkh )7
with the notation
h Ih h h _.h h
Qi = 1_J_Zai$ivf($17$27"'7$n) ) (18&)
i
kh Ih h h _h h
Qi = QZ 1_E_Zai$iv ($17$27"'7$n) ’ (18b)
i

where Q; = (9Q/0z1)|;, with similar notation for Q%, O QF and QF:.16

16 A referee is concerned about implementability. He writes “that the commodity tax rates differ
between types ... immediately raises questions about implementability. Income is taxed because wage
rates are not observable. How then can commodity taxes be conditioned on wage rates?” The answer is
that having commodity taxes differ across types does not mean that their implementation is conditioned
on wages (if by “conditioned” one means that the government should know a person’s wage in order
to levy a particular tax on him). Nor does the appearance of wage rates in the optimal tax formulas
for different types [as in (17)] mean that implementation is conditioned on wages. The problem here
is akin to Mirrlees’s original optimal tax problem in which income tax rates depend on wages, but
their implementation does not. The point is that the government knows the distribution of wages

15



It is easy to show that if a; = a;, goods s and i should have the same tax rate (see
the Appendix). This holds for any two goods regardless of how long it takes to consume
other goods. However, this characterization is quite a bit more complicated than the
simple inverse factor share rule.!” Observe also that the effects of as and a; differ for
individuals of different types depending on their wage rates (and, of course, the pattern
of binding incentive compatibility constraints). Also, as is typical in these models, if
there is a group of individuals whom no one wants to mimic in equilibrium (i.e. if there
exists a group H for whom N\ = 0 forall k = 1,2,...,H — 1), they should face no
differential commodity tax rates even when the goods they consume entail different time
consumption (a;’s are different for different goods).'® If redistribution is from higher to
lower ability persons, these individuals will be those with the highest w.

The following proposition summarizes the results of this subsection.

Proposition 3 Assume the economy is inhabited by individuals who differ in earning
ability but have identical preferences. It takes each person a; units of time to consume
one unit of good i (i =1,2,...,n). Assume further that personal purchases are publicly

observable so that nonlinear commodity tazes are feasible.

and thus can calculate the optimal tax rates according to (17). What the government does not know
is who earns what wages. But that information is not needed for implementation. The solution to
the optimal tax problem posed here is incentive compatible and must thus be implementable by a
tax schedule conditioned on observables (particularly given the discrete type setup of the problem).
The implementation requires that the government imposes a general transfer function on I and z, the
publicly observable variables here. This implies that a consumer’s marginal price for x; depends on his
income as well as his consumption of z. (It also implies that his marginal income tax rate will depend
on his consumption of z as well as his income.) See, Cremer and Gahvari (2002) for a discussion of
implementation through separate implementing functions: a pricing function that depends on z and a
tax function that depends on I.

Y"This refutes Kleven’s (2004) claim that as long as Q(-) is weakly separable in [ and z, the inverse
factor share rule applies via the application of the Atkinson and Stiglitz (1976) theorem. Indeed, with
individuals of different types earning different wages, the concept of an inverse factor cost share is not
well defined. Even ignoring the fact that commodity taxes differ across types, the ratio of market price
of z; to its full opportunity cost will be ¢;/(g; + a;w™) for an h—type person and ¢:/(¢; + a;w’) #
¢i /(i + a;w?) for a j—type person.

81n the absence of the single-crossing (agent-monotonicity) property, the existence of such a group
is not guaranteed.
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(i) If preferences are weakly separable in labor supply and goods, optimal commodity
taxes are uniform.

(ii) Assume preferences are weakly separable in leisure and goods. Then:

o If there exists a group H for whom N¥1 =0 for allk =1,2,..., H —1, this group

should face no differential commodity tazes.

o All other groups, h=1,2,..., H — 1, face a relative tax on good s and i given by
(17). This rate differs across types.

e If there are two goods whose consumption take the same time (a; = as), they

should be subjected to the same tax rate.

5 Anonymous transactions

The results of the previous section rests on the assumption that personal consumption
levels are publicly observable. This assumption, which enables the government to levy
non-linear commodity taxes, is rather hard to justify on informational grounds. It
is more realistic to assume that the tax administration has information on anonymous
transactions (i.e. aggregate sales of a commodity rather than who purchases how much).
This is the standard assumption in the literature, so much so that it has been used as
part of very definition of indirect taxes. [See, e.g., Atkinson and Stiglitz (1980, p. 427)].
Under this circumstance, non-linear commodity taxes are not feasible. If , for instance,
the tax rate is linked to the quantity purchases, the buyer can avoid higher taxes by
splitting the transactions. As a rule, only linear commodity taxes are available.

Given this informational structure, one may proceed to characterize Pareto-efficient
allocations that are constrained not only by the standard self-selection constraints and
the resource balance, but also by the linearity of commodity taxes. To do this, I derive
an optimal revelation mechanism. The mechanism consists of a set of type-specific

before-tax incomes, I’s, aggregate expenditures on private goods, ¢?’s, and a vector of
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commodity tax rates (same for everyone): t = (t1,t, . ..,t,). This procedure determines
the commodity tax rates right from the outset. A complete solution to the optimal tax
problem per-se then requires only the design of a general income tax function. Note
that instead of commodity taxes, the mechanism may equivalently specify the consumer
prices: ¢ = (q1,G2,...,qn), where ¢; = 1 +1t; (i = 1,2,...,n). The mechanism assigns
(g, ch, I") to an individual who reports type h; the consumer then allocates ¢ between
the produced goods, .19

Formally, given any vector (g, ¢, I), an individual of type h solves

maxy ul(z, 1) (19a)
n
subject to Z qir; = c. (19b)
i=1

Denote, with some abuse of notation, the resulting “conditional” demand functions by

xl(q, ¢, I),%° and the indirect utility function by

(g, e, 1)

u (2"(g,¢, 1), 1),
Next, define

ol = al(q, " 1), o =ah(q " 1F), " =vl(g M I, oM =wh(g,cF 17). (20)

P =

Pareto-efficient “allocations” (constrained by incentive compatibility and linearity of

commodity taxes) can then be described as follows. Maximize?!

> st (21)

h

98trictly speaking, this procedure does not characterize “allocations” as such; the optimization is
over a mix of quantities and prices. However, given the commodity prices, utility maximizing individuals
would choose the quantities themselves. We can thus think of the procedure as indirectly determining
the final allocations.

20These functions are conditional on ¢ and I; they differ from the customary Marshallian demand
functions. Specifically, a:f() as defined here has a different functional form from its counterpart in
Section 3.

21With one extra degree of freedom in setting commodity tax rates, t; is set equal to zero so that

q1:1.
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with respect to ¢2, ¢s, . . ., qn, ¢ and I"; subject to the resource constraint
n
Yo (" =)+ (4 - Daf] > R, (22)
h i=2
and the self-selection constraints
o>k ok =1,2,... H. (23)

Denote the Lagrange multipliers associated with the resource balance (22) by p and
the self-selection constraints (23) by A** (h,k = 1,2,..., H). Let #" denote the com-
pensated version of individual A’s conditional demand for x; as determined by problem

(19a)—(19b). Finally, define

n0Zh n0zh n0zh
2T 37;1 2T gT% s DT gT;
h 0% h 0% h 0%
A= | 20T Em ZaT a2 A (24)
S hOEh s~ hodh < - hosh
DonT aiqz DonT aiq_(3 S 2T a%

I prove in the Appendix that an interior solution to the problem (21)—(23) satisfies the
following equations.

kh OvPh
lo Do 2okoth A (25" — b) ;C:h
t3 1 >oh Zk;ﬁh /\kh(iﬂl?fh - $§) aavch

— A~

1
" (25)

: ,Ukh
tn >oh Zk;ﬁh N (fh — ) —aach
5.1 Labor separability

Assume U is weakly separable in L and z, so that u"(z,I) = U (w—lh, f(z)) . It then
follows from the first-order conditions of problem (19a)-(19b) that z? (i =1,2,...,n;

I

k,h=1,2,..., H) is the solution to

filz")

h@hy " (26)
>l = (27)
=1



Similarly, %" is the solution to

fi(z")
fi(zhh)

n
>t = (29)
=1

= 4, (28)

Consequently, z/* = z#. Tt then follows from (25) that to = t3 = ... =t, = 0 : Optimal

commodity taxes are uniform.

5.2 Leisure separability

Assume ) is weakly separable in [ and z, so that u?(z, I) = Q (1 - # — > asts, f(g)) .
It now follows from the first-order conditions of problem (19a)-(19b) that 2 (i =
1,2,...,n; k,h=1,2,..., H) is the solution to

_aiQHEh -I-le _ @ o (30)

—G1Q?|£h + Qﬂl Q1

n
Zqizn? = M (31)
i=1

where Q;L|£h and Q%|; (i = 1,2,...,n) are defined as previously through (18a). Similarly,

xkh is the solution to

_“iQfmukh + th‘l qi

_aleh|£kh + Qlfh|l dn

n
Zqiznfh = (33)
i=1

= G, (32)

Note that, in contrast to (18a), :L"fh and not :E?, appears as an argument for Qfﬂmkh and
th| ; (i =1,2,...,n). Optimality of uniform taxation with leisure separability thus
depends on whether the systems of equations (30)—(31) and (32)—(33) have identical
ho— ki)

solutions (z or not. The equality is not obvious because where I" /w" appears

in the arguments of (30)—(31), it is replaced by I"/w* in the arguments of (32)—(33).
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It is plain from equations (30)—(31) and (32)—(33) that ifa; = 0 foralli =1,2,...,n
(which transforms this model to the traditional setup where consumption does not take
time), separability in leisure calls for uniform taxation. More interestingly, one can show
that if a; is the same for all i = 1,2,...,n (and nonzero), leisure separability implies
uniform taxation (see the Appendix). As with the case with nonlinear commodity
taxes, however, separability in leisure does mot necessarily imply that the tax rates
on the goods move positively with their time consumption coefficients, a;’s. There is
even no presumption now that tax rates must be equal for two goods i and s with the
property a; = as—a result which held when commodity taxes were nonlinear.

The following proposition summarizes the results of this subsection.

Proposition 4 Assume the economy is inhabited by individuals who differ in earning
ability but have identical preferences. It takes each person a; units of time to consume
one unit of good i (i = 1,2,...,n). Assume further that only aggregate purchases are
publicly observable so that feasible commodity taxes are linear.

(i) If preferences are weakly separable in labor supply and goods, optimal commodity
taxes are uniform.

(ii) Assume preferences are weakly separable in leisure and goods. Then:

e Optimal commodity tazes are characterized by equations (25) when t1 is normalized

at zero.

o If time taken in consumption is the same for all goods, optimal commodity tazes

are uniform.

e Suppose it takes more time to consume one unit of good i than one unit of good s
(a; > as). It does not follow that good i should necessarily have a higher tax rate

than good s.

e Two goods whose consumption take the same time (a; = as) should not necessarily

have identical tax rates.
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6 Conclusion

This paper has studied the problem of optimal taxation of commodities when consump-
tion is a time consuming activity. The first important lesson that has emerged is that
assuming preferences are separable in goods and labor supply, or separable in goods
and leisure, have markedly different implications for the structure of optimal commod-
ity taxes. The two assumptions are not the same with Becker’s (1965) formulation of
labor supply. With labor separability, the traditional uniform taxation results of optimal
tax theory continue to hold. With leisure separability, on the other hand, consumption
time is a major ingredient of optimal tax rates. Which separability assumption is more
“realistic” is of course an empirical question. And to the extent that the separability
assumption per se has been put to test (within the traditional model of labor supply in
which the two are equivalent), it does not seem to have fared that well.??

The second lesson that has emerged concerns one- versus many-consumer economies
when separability holds between leisure and goods. In one-consumer economies, time
taken in consumption is the sole determinant of optimal tax rates, and the optimal
commodity tax on every good is related directly to the ratio of its full cost to its market
price. The rule does not generalize in its simple form to economies with heterogeneous
agents; however. When consumers are all alike, the only effect of differential commodity
taxation is the differential time spent on consumption of different goods. On the other
hand, when individuals differ in earning ability, the time spent by different individuals in
consumption (even for the same good) also become relevant (because their opportunity

costs of time differ). This enables commodity taxes to have redistributive and incentive

*2See, e.g., Browning and Meghir (1991). Kleven (2004, p. 553) claims that the traditional results of
optimal tax theory are not useful because they either (i) “rely on unreasonable simplifications” or/and
(ii) “the information needed for optimal policy, essentially global knowledge of preferences and demand,
is simply not obtainable.” On the other hand “the theory of optimal taxation presented here is less
vulnerable to the above critique.” However, this is bogus. The “inverse factor share rule” is based on
precisely the same “unreasonable simplifications” that Kleven criticizes. At the same time, without
those assumptions, we will need precisely the same kind of information that he says is “simply not
obtainable.”
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effects that separability can no longer isolate. These considerations too become relevant
in determining the optimal commodity taxes. In particular, commodity tax rates do

not necessarily move positively with time taken in consumption.
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Appendix

Proof of (6): The optimal tax problem is summarized by the Lagrangian

En:tilﬂi—G—R

i=1

L=v(qw,G)+p

The first-order condition for this problem is

0L _ v +u[2tig—‘;i+ms —0.
i=1 s

oty g

Simplifying these equations, using Roy’s identity, results in

where « is the representative individual’s marginal utility of income. This can be

rewritten, using the Slutsky equation,

S ko (A1)

where z§ denotes the compensated demand for good ¢, and v = o + >, t;(9x;/0G) is
the “social marginal utility of income”.

Next, from the properties of the Slutsky matrix, one has

'O:E- ol _o, (A2)

where [°(.) is the compensated demand for leisure. Now, Sandmo (1974) has shown that
when preferences are separable in [ and z, with the latter subutility being homothetic,

it will be the case that
ol¢
9qs
where 7 is independent of s. Substituting in (A2)

= NZs, (A3)

Zéia—:fi = —NwWTs. (A4)
i=1 0ds
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Eliminating z; between (A1) and (A4) yields,

n 8
t: . ¢

Z[ Mt _&] a"’fzzo, s=1,2,...,n. (A5)

i=1 nwl 94

H—="
Assuming that the matrix [0x$/0qs] is non-singular, the solution to the system of equa-

tions (A5) is characterized by
t; 1
q; 77w ﬂ

Finally, observe that from (A3) and symmetry of the Slutsky matrix,
1 0l° 1 0z e

s 0Gs T Ow W

I

where € is the cross-price elasticity of compensated demand for [ with respect to any
one of the produced goods (same for all goods). Substituting this value for 7 in (A6)

and rearranging, one arrives at equation (6) in the text.

Proof of (10): The optimal tax problem is summarized by the Lagrangian
H —
E:ZWhW< >—|—,u Zt (ZTF )—G—R )
h=1 i=1
where v () = U(Qh, wh, G). The first-order conditions are, for all s =1,2,...,n,
or H H
hyirt (. oh h_h h _
a_ts ;TFW (v ()> —I—,u ZTF:E —I—;t (Z 5%)] 0,

OL N gy (i) 2 AU AN
06~ 2" (N'))%*”;Z;”% —i =0

Manipulation of these equations, using Roy’s identity, yields
(u-ghyrat +u 3 (25— g (A7)
YDIRIORENS S 0 prc A IR
h A h
>
h

ﬁh
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Slutsky decomposition of dxf /9" terms in (A7), denoting the elements of the associated
Slutsky matrix by S*

. allows one to simplify (A7) further and rewrite equations (A7)~
(A8) as

Z(,u vy 7Th:13h—|—,u22t7rh5-h = 0, (A9)
Zw = L. (A10)

Next, from the properties of Slutsky matrix,
Z(Qi + a;w™) S + w' St = 0. (A11)
i

As with (A3), following Sandmo (1974), one can write

Sh = pftah (A12)

S CRl

where 7 is independent of s. Substituting from (A12) into (A11) then results in
> (@ + aw”) Sk = —ntw'al. (A13)
i
Finally, substituting from (A13) into (A9) and simplifying, one arrives at the following

system of n equations (for s =1,2,...,n),

h
ZZ[ h(qwraZ My xSt =0

Observe that the assumptions of weak-separability and homotheticity in goods imply
that SI = (w"L")S;s. Then, assuming that the matrix S;s is non-singular, the solution

to above is given by

haoh (Qi + aiwh)' (A14)

Now from (A12),



where € is type h’s cross-price elasticity of compensated demand for [ with respect
to any one of the produced gods (same for all goods). Substituting for 5" from this
relationship, and for p from (A10), into (A14) and rearranging, one arrives at equation

(10) in the text.

Proof of (17): Summarize the government’s optimization problem by
D DTSN} SELII SEIE NS 5) pUIR )
h h i h kh
Rearrange the terms in the above expression to rewrite it as
P IO 3 U N ) TGO SN A B
h k£h h i h k#h

This yields the following first-order conditions for h =1,2,..., H,and i =1,2,... n.

oL

— = (6" + Z MRyl — e — Z My kh — (A15)

Oz; kth kth

oL

o = (6" + Z MRVl — Z My kh — ., (A16)
k#h k#h

Note that the calculation of the derivatives of >, >y ., Akyhk results in the transpo-
sition of their h and k indices.?> The system of equations (A15)-(A16), in conjunction
with the economy’s resource constraint, characterize the Pareto-efficient allocations of
the economy constrained by self-selection.

To characterize the optimal commodity taxes that implement the (constrained)
Pareto efficient allocations, manipulate (A15) to arrive at, for h = 1,2,..., H, and

i,s=1,2,...,n,
upp 1+ D kth NPkl f et
up i 1 30y, Al prh

(A17)

2To simplify notation, T use 3, for 1" and > kn for S
k#h
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where a subscript on u denotes a partial derivative. This equation can be rewritten in

the following useful form,

h kh, kh kh h

u ¥ u u

S e () (19
ud 1 7% u; U

k#h
This is achieved by multiplying equation (A17) by 1+, Zh /\khufh /" and collecting
terms. Observe that u/ul in above denotes the h-type individual’s marginal rate of
substitution between goods s and ¢ assuming income, or labor supply, is kept constant.
It is this (conditional) marginal rate of substitution that consumers set equal to the
relative consumer prices of goods s and i, when they make their decisions on labor
supply and consumption in the market and face a tax schedule conditioned on income.
Consequently, at the optimum, u/ /u?, as characterized by (A18), is equal to (1+t")/(1+
th) where " and ¢ are the commodity taxes h faces on s and h.

Finally, using (12), one may rewrite the right-hand side of (A18) in terms of the
derivatives of Q(.) to utilize the separability property between leisure and goods. It

follows from (12), and the notation used in the text, that

uQ‘I = _“SQHEh + QZ‘I’
uﬂ[ = _alﬂmgh + Q?’l’
u§h|[ = _asQ;{huh + ngh‘l’

il = -+

Substitute these expressions in the right-hand side of (A18) and simplify to arrive at

(—as QP + QY — (- -sz’urﬂh)—zﬁ Qr o o,
8847 s AL i) = Lh 134 asQIth a;

k#h
Q Qh Qb
hykh i hoykh [ 2% i
— Q! <a39—2 - ai> + Qhak (m - Q§h> } (A19)
Next, note that from weak separability of €(.),
QFh Qb
oF "o
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Substituting the above in (A19) and simplifying, one obtains

—a,QF + Q0 a,QF — a0 < APQE (Q;L th> (A20)
—a; Q1 4+ Qb —a; Q4+ Qb prrd umh Qb Qkh )7

which is equivalent to equation (17) in the text.

Proofofa, = a; = th = t?, h=1,2,..., H, when commodity taxes are nonlinear:

Set as = a; = a in (A20) and simplify to arrive at

a Afhqkh (Q;L th> .

—aQh + Qb s umh  \Qh  Qkh

(Qr—a) |1+

A solution to this is Q" = QF. It then follows that

—asQP[ + Q|

1+t

14+t ul

Io—ap, + QY

h
s
h
[

Derivation of (25): Summarize the problem by the Lagrangian

L= Z 5hvh(g, ch, Ih)—l—,u{ th [(Ih—ch)-l-f:(%’—l):n?] —R}—l—z Z /\hk(vh—vhk).
h h i=2 B k#h
(A21)

Rearranging the terms, one may usefully rewrite the above Lagrangian expression as

L= Y ("D N = pp DAt -

h k#h h
+ 2:((]Z - 1):Eﬂ — R} — Z Z Nk hk (A22)
=2 h o k#h
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The first-order conditions are, for all h, k =1,2,...,H,and t =2,3,...,n

oL

o = (0" DAY 4 pnt | 1+Z afh — D A =0, (A23)
ksh k;ﬁh

oL

o = (0" + > Al 4 pmh | —1+Z ach = Mgk =0, (A24)
ksh ksh

a_ﬁ _ h hk 55’3 h

o Z § —I—I;L/\ vt—I—,uZw Z )aqt ;|

— ZZV%{L’C:O. (A25)

h k#h

Multiply equation (A24) by zf', sum over h, add the resulting equation to (A25),

and simplify. We will have the following system of equations for i = 2,3,...,n,
S A satl) + p 3 5= (24 o 220,
¢ ¢ Oqy t ek
h k£h i=1
ZZW( Ppa —0. (A26)
h k#h

Next, make use of Roy’s identity to set, for allt =1,2,...,n,and h,k=1,2,..., H,

ol + ol =0, (A27)

kh L ghhykh = 0. (A28)

Then use the Slutsky equation to write, for all ¢, =1,2,...,n,and h=1,2,..., H,

ozl 0zh o Oxl
o Og toch”

(A29)

Substituting from equations (A27)—(A28) and (A29) in (A26), making use of the sym-
metry of the Slutsky matrix, setting ¢; — 1 = ¢;, upon further simplification and rear-
rangement, one arrives at

én ( E h E E Akh )’Ukh, t—2,3,...,n. (1&3())
=2 h

h k#h
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Equation (A30) is one way of characterizing the optimal commodity tax rates: t;’s.
To arrive at (25), use the definition of A in (24) to write out equations (A30) in

matrix notation:

kh
to don Zk;ﬁh AR (33% ) 882:]1
g 1 AFB (kb _ iy 8
A _ 1 :h D rn A (25 3) G (A31)
S
tn Soh Do A (2 — ) %ﬁh

Premultiplying (A31) by A~! then yields the system of equations (25) in the text.

Proof of a; = a (i = 1,2,...,n) = uniform taxation when commodity taxes
are linear: It follows from equations (30) and (33) that

—as QP+ Qb —a O + QM
—a; QP Qg QO QFR

Multiplying through, simplifying and collecting terms yields

—a O + Qh _Qkh n Ot 0, Q0 — a O
Ta Qi Qr QO Q1O

(A32)

I now show that if a; = a (i = 1,2,...,n), 2" = 2*" satisfies (A32) so that optimal

18

taxes will be uniform.

Observe that if 2" = 2*" optimal taxes are uniform and the left-hand side of (A32),
which is equal to u’ /u?, will be reduced to one. This implies that Q" = Q? Sub-
stituting this into the right-hand side of (A32), its value will be reduced to QF/Qkh.
But, with 2" = 2*", weak separability in leisure implies that Q¥/Qkh = Qh/Oh = 1.

Consequently, the right-hand side of (A32) will also be equal to one.
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