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Abstract

This paper models a two-period overlapping-generations economy with money populated
with individuals of different skills. They face a nonlinear income tax schedule and can
engage in tax evasion. Money serves two purposes: the traditional one, modeled through
a money-in-the-utility-function; it also facilitates tax evasion. The main message of the
paper is that income tax evasion in this framework leads to the violation of the Friedman
rule. The paper also shows that even in the absence of tax evasion, when optimality
requires differential commodity taxation, complementarity of real cash balances and
labor supply does not guarantee the optimality of the Friedman rule as a boundary
solution. An additional assumption is required.

JEL classification: H21; E52.
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1 Introduction

This paper brings two strands of public finance literature to bear on the question of the
Friedman rule (1969) for the optimal money supply.! One is the optimal Mirrleesian
taxation that started with Mirrlees (1971) and was popularized by Stiglitz (1982) in
its simplified two-group version; the second is the tax evasion literature that followed
the pioneering work of Allingham and Sandmo (1972). Our paper differs from the
previous contributions on this topic with the “same” three ingredients in that it adopts
a Mirrleesian rather than a Ramsey approach to optimal taxation.?

It is now well-known that the Friedman rule is a first-best prescription and may or
may not hold in second-best settings. This depends on the nature of the second-best
(existence of distortionary taxes or intrinsic reasons for market failure), the set of tax
instruments available to the government, and the structure of individuals’ preferences.?
Chari et al. (1991, 1996), in the context of a model with identical and infinitely-lived
individuals, related the optimality of Friedman rule in the presence of distortionary
taxes to the uniform commodity tax result of Atkinson and Stiglitz (1972) and Sandmo
(1974). This latter result states that if preferences are separable in labor supply and
non-leisure goods, with the subutility for goods being homothetic, optimal commodity
taxes are proportionately uniform. They showed that deviations from Friedman rule
violates this tax principle.?

These studies, being carried out in an environment with identical individuals, are

'The Friedman rule calls for a deflationary change in money supply that ensures the nominal interest
rate—the opportunity cost of money holding—is zero (equal to the marginal cost of printing money).
The classic reference for the Friedman rule is Friedman (1969). The earlier literature referred to it as
the Chicago rule; see Niehans (1978).

?See Arbex and Turdaliev (2011) and the references therein for examples of the literature that
examines the relevance of tax evasion for the Friedman rule from a Ramsey tax perspective.

3Non-optimality of Friedman rule in the presence of distortionary taxes was first discussed by Phelps
(1973). A selective reference to other sources of distortion include: van der Ploeg and Alogoskoufis
(1994) for an externality underlying endogenous growth; Ireland (1996) for monopolistic competition;
Erceg et al. (2000) and Khan et al. (2003) for nominal wage and price settings; Schmitt-Grohe and
Uribe (2004) for imperfections in the goods market; and Shaw et al. (2006) for imperfect competition
as well as externality.

*This uniformity result is derived within the context of the traditional one-consumer Ramsey prob-
lem. As such, the result embodies only efficiency considerations. Redistributive goals do not come into

play.



by construct silent on the validity of the Friedman rule when monetary policy has
redistributive implications.” A second related drawback of these studies is their reliance
on the Ramsey tax framework, which assumes that all tax instruments, including the
income tax, are set linearly.

In a recent contribution, da Costa and Werning (2008) break with this tradition
and consider the optimality of the Friedman rule in a model with heterogeneous agents
and allow the government to levy nonlinear income taxes. Interestingly, they show
that the Friedman rule is optimal in their setting (for any social welfare function that
redistributes from the rich to the poor). As with Chari et al’s (1991, 1996) earlier
result, da Costa and Werning’s (2008) finding is also related to the uniform taxation
result in public finance, albeit a different one. Whereas Chari et al. (1991, 1996) draw
on Sandmo’s tax uniformity (1974) result derived within a Ramsey setting, da Costa and
Werning’s (2008) has its roots in Atkinson and Stiglitz (1976). This classic paper on the
design of tax structures was particularly concerned with the usefulness of commodity
taxes in the presence of a general income tax in economies with heterogeneous agents.’

Atkinson and Stiglitz (1976) proved that with a general income tax, if preferences
are weakly separable in labor supply and goods, then commodity taxes are not needed
as instruments of optimal tax policy. With non-separability, one wants to tax the goods
that are “substitutes” with labor supply and subsidize those that are “complements”
with labor supply. In da Costa and Werning (2008) the uniformity result, which implies
a zero nominal interest rate, holds with preference separability. With non-separable
preferences, da Costa and Werning assume that real cash balances and labor supply are
complements so that cash balances should be subsidized. This implies that the optimal

nominal interest rate is negative. But given the non-negativity of nominal interest rate,

®With the exception of intergenerational redistributive issues that arise in overlapping generations
models; see, e.g., Weiss (1980), Abel (1987), and Gahvari (1988, 2007, 2012).

®The ineffectiveness of commodity taxes and their proportionately uniform structure boil down to
the same thing. In the absence of exogenous incomes, the government has an extra degree of freedom
in setting its income and commodity tax instruments. This is because all demand and supply functions
are homogeneous of degree zero in consumer prices. In consequence, the government can, without any
loss of generality, set one of the commodity taxes at zero (i.e. set one of the commodity prices at one).
Under this normalization, uniform rates imply absence of commodity taxes.



the zero interest rate emerges as the “optimal” policy.

da Costa and Werning’s (2008) results as well as the earlier Chari et al.’s (1991, 1996)
results are all derived in settings that disregard tax evasion. Yet many empirical studies
over the past few decades confirm that tax evasion is a widespread phenomenon all over
the world; see Shaw et al. (2011) for a recent survey. Now it is also the case that
introducing tax evasion into the optimal tax problem often invalidates policy lessons
drawn ignoring this phenomenon. For example, in the context of the uniform taxation
results, Cremer and Gahvari (1993) prove that the Ramsey results are no longer valid.
Similarly, Boadway et al. (1994) show how the presence of tax evasion destroys the
celebrated Atkinson and Stiglitz (1976) theorem on the redundancy of commodity taxes
in the presence of Mirrleesian optimal income tax if preferences are weakly separable in
labor supply and goods. One would then expect the same fate for the Friedman rule.
This is indeed the case and there are a number of papers that make this. However,
they are all written in the context of Ramsey taxes. There are no such studies to date
using the Mirrleesian tax framework. Demonstrating this point constitutes the major
contribution of this paper; it is not, however, the only contribution of the paper.

The paper first examines the robustness of da Costa and Werning’s (2008) results. It
re-examines these results in the context of a two-period overlapping-generations economy
populated by two types of individuals: high-skilled and low-skilled. This is in contrast
to da Costa and Werning (2008) who posit an economy populated by a continuum of
infinitely-lived individuals. It shows that for their results to go through an additional
assumption is required. In particular, contrary to their result, complementarity of real
cash balances and labor supply alone does not guarantee the optimality of the Friedman
rule as a boundary solution. We derive an additional condition to ensure this result. We
argue that da Costa and Werning’s (2008) result to the contrary arises because there is
no differential commodity taxes in their model.

Having examined the robustness question, the paper turns to the discussion of its
main message; namely, that the absence of tax evasion is crucial for da Costa and

Werning’s (2008) results. When agents have access to a misreporting technology, which



allows them to shelter part of their earned income from the tax authority, monetary
policy becomes another useful instrument for redistribution. In particular, income tax
evasion invalidates the uniform commodity tax result of Atkinson and Stiglitz (1976)
thus rendering the monetary growth rate a redistributive power that otherwise it does
not possess. As a result, the presence of tax evasion invalidates da Costa and Werning’s
(2008) first result on the optimality of the Friedman rule as an interior solution if the
conditions for Atkinson and Stiglitz (1976) theorem hold. da Costa and Werning’s
(2008) second result, on the optimality of the Friedman rule as a boundary solution if
real cash balances and labor supply are complements, is no longer guaranteed either.
This is because, in the presence of tax evasion, one does not know which type of agents
supplies more labor (at the same level of reported income). Hence the complementarity

assumption does not identify the type who demands more real cash balances.

2 The model

Consider a two-period overlapping generations (hereafter OLG) model wherein individ-
uals work in the first period and consume in both. There is no bequest motive. Prefer-
ences are represented by the strictly quasi-concave utility function U = w (¢, dyy1, 24, L)
where ¢ denotes consumption when young, d consumption when old, x real money bal-
ances (held for non-evading activities)”, and L labor supply; subscript ¢ denotes calendar
time. While the utility function is assumed to be strictly increasing in ¢; and dyy1, and
strictly decreasing in L;, the possibility of satiation in real balances is not ruled out

sat)

(i.e. limg,_,  sat Ou/0x = 0 at the “satiation level” 25%"). Each generation consists of two

types of individuals who differ in skill levels (labor productivity). High-skilled workers
are paid w}' and low-skilled workers wj; with w! > w{. The proportion of agents of
type j,77, j = h, ¥, remains constant over time. Denote the number of young agents of

type 7 born in period ¢ by ng and the total number of young agents by N;. We have

n] /Ny = . While 7/ remains constant, population grows over time at a constant rate,

" Additionally, we will allow for money to have a separate “evasion-facilitating” usage; see subsection
2.1.1 below.



Production takes place through a linear technology with different types of labor as
inputs. Transfer of resources to the future occurs only through a storage technology
with a fixed (real) rate of return, r.8 We thus work with an OLG model & la Samuelson

(1958) and assume away the issues related to capital accumulation.

2.1 Money and monetary policy

At the beginning of period t, before consumption takes place, the young purchase all
the existing stock of money, M, from the old. Denote a young j-type agent’s purchases
by mi . We have

My = nlml 4 nim. (1)

The rate of return on money holdings (the nominal interest rate), i1, is related to the

inflation rate, ¢, ,;, according to Fisher equation

i = (1+7) (L4 @) (2)

Denote the price level at time ¢ by p¢; the inflation rate is defined as

DPt+1
I+ ¢ = = (3)
bt

The monetary authority injects money into (or retires money from) the economy
at the constant rate of 6. Money is given to (or taken from) the old—who hold all
the stock of money—via lump-sum monetary transfers (or taxes). Thus a young j-type
agent who purchases mi at the beginning of time ¢ receives eg 41 at the beginning of

period ¢ + 1. Clearly, e}, ; and e}, must satisfy the “money injection relationship”,

nfeﬁrl + nf€§+1 = 0M;. (4)

8 An alternative assumption is that agents borrow and lend on international capital markets at an
exogenously fixed interest rate.

%Given a positive real interest rate, in the absence of population growth, 6 will have to be negative
for the nominal interest rate to be zero as required by the Friedman rule. With population growth, the
Friedman rule is compatible with a positive @ (as well as a negative 6). Either way, the fact that the
nominal interest rate cannot be negative sets a lower bound on 6. See also footnote 22 below.



Beyond this, we do not specify how much of the extra money injection goes to which
type. Indeed, one can show that in the presence of a general income tax this division is
immaterial; see Gahvari and Micheletto (2014).

With money stock changing at the rate of 6 in every period, we have M;;; =

(14 @) M. Substitute for M; and M, from equation (1), into this relationship:

ho o h ¢ 0 ho h | 00
nipmiy +npmy g = (1+0) (nt my + ntmt> .

Given that the population of each type grows at the constant rate of g, one can rewrite

146 146
i h h ef ¢ ¢
e (mt—l—l - m%) +ny (mt—i—l - m%) =0.

Assume that the money-holdings of each type changes in the same direction.'! It follows

this as!?

from the above relationship that
; 146

2.1.1 Money and tax evasion

As in da Costa and Werning (2008), we rationalize money by allowing real cash balances

to enter the utility function.!> However, in the presence of tax evasion, we recognize

%0Observe that (1 + g) m{_H is not necessarily equal to m{ + e{_H. This will be the case only if the
money disbursement to type j is set according to ef 1= Qm{.

"' This assumption applies only to the sign and not the magnitude of such possible changes. Observe
also that this is an assumption on the equilibrium money holdings as opposed to money purchases that
may very well go in different directions depending on who gets the new money injections (or loses them).
It is a natural assumption because there are no stochastic shocks in this model so that in going from one
year to the next the opportunity sets and the prices faced by different agent types change in the same
manner. Nor does the government follow a capricious redistributive policy changing the social welfare
weights of different groups from one year to the next. If goods including real cash balances are normal,
both types end up changing all their consumption levels in the same direction.

12Prior studies that use money-in-the-utility-function in conjunction with an overlapping-generations
model include Weiss (1980), Abel (1987) and Gahvari (1988). In these papers, however, all individuals
within a generation are identical. In the late 70s and early 80s, the overlapping-generations model was
considered as a substitute for Hicks-Patinkin money-in-the-utility-function and Clower cash-in-advance
constructs in rationalizing money. However, it was not too long before it was realized that, in the words
of McCallum (1983): “As a ‘model of money’, the basic OG [overlapping generations] structure—which
excludes cash-in-advance or money-in-the-utility-function (MIUF) appendages—seems inadequate and
potentially misleading, the reason being that it neglects the medium-of-exchange property of money”
(p 36), and “...there is no particular reason why cash-in-advance, MIUF, or other appendages designed
to reflect the medium-of-exchange property should not be used in conjunction with the OG framework”

(p 37).



another usage for real cash balances besides what is modeled through a money-in-the-
utility-function construct. Specifically, we assume that the j-type’s real money holdings,
mi /D¢, consists of two components. One component, x‘z, enters the utility function and
accounts for the traditional (non-evading) usage. The other component is solely for the
purpose of facilitating tax evasion. Using cash allows transactions to go undocumented
and thus easier to conceal from tax authorities. Empirically, too, it is a well-documented
fact that people who engage in tax evasion often do so by conducting their transactions
in cash; see, e.g., Morse et al. (2009).

It is worth pointing out, however, that allowing for this additional justification for
money holdings is of no consequence for our results; they remain unaffected without it.
We adopt this formulation only to provide an explanation for the empirical observation
that tax evasion is often associated with larger cash holdings. Without such explicit
modeling, and with money holdings and income concealed both being endogenous vari-
ables, there is no guarantee that tax evasion and cash holdings are positively correlated
(even though our results remain the same).

To simplify matters, we model this second component by assuming that it is propor-
tional to the amount of income concealed from the tax authority.'* Let a{ > 0 denote
(real) income concealed by the j-type individual at time ¢.!> To make this possible, we
assume that the evader holds Bpta{ in cash over and above ptx{ that he holds for other

reasons where ( is a positive constant less than one. Consequently, total real money

130f course one can impose strict restrictions on preferences to yield this result. But this procedure
would be quite ad hoc and less satisfactory than our explicit modeling.

1 Obviously, a more “realistic” model would make this component to be a function of income concealed
rather than being proportional to it. However, our purpose in this paper is not to model tax evasion.
Our aim is simply to account for the empirical observation of a positive relationship between real cash
holdings and evasion.

15While we often speak of under-reporting and tax evasion (a¢ > 0), in principle, over-reporting
(at < 0) is also possible in our model. While a positive marginal income tax rate creates an incentive
for under-reporting, a negative marginal income tax rate makes over-reporting desirable. In turn, the
possibility of a negative marginal income tax rate arises because of the existence of commodity taxes,
and in our model also inflation, in the system (see, e.g., Edwards et al. , 1994). None of our results
depends on the sign of a;. See the numerical example of Section 5, wherein skilled workers face a
negative marginal income tax rate and over-report.



balances in our model is given by'®
e x] + Baj. (6)

2.2 Fiscal policy
The tax authority levies income and commodity taxes to maximize a social welfare
function defined over the utility of all agents in the economy. The government knows
the distribution of types in the population but it does not know the identity of the types.
Consequently, type-specific lump-sum taxes are not implementable. Earned incomes are
not publicly observable either. Income reported by agents for tax purposes may thus
deviate from true earned income due to the possibility of income-misreporting. To
model income-misreporting in the simplest possible way, we follow the riskless approach
introduced by Usher (1986) and subsequently used in a number of contributions to the
tax evasion literature including Boadway et al. (1994:).17 Under this approach, once
agents have incurred some pecuniary cost that depends on the amount they misreport,
they face no risk of detection. What the fiscal authority can rely on is thus taxing
income reported by agents, which will be denoted by I;, via a general nonlinear income
tax T ().

With the true income being equal to wsL¢, the amount of income concealed is equal
to a; = wy Ly — I;. The cost of misreporting is expressed by means of the function f (a;).
Assume that f(-) is non-negative, increasing in the absolute value of a; and strictly
convex with f(0) = f’(0) = 0. Finally, assume that the information the tax authority
has on transactions, including money holdings, is of anonymous nature; it does not know
the identity of the purchasers. This assumption, which is made for realism, implies that

goods can be taxed only linearly (possibly at different rates).

'6No extra cash holding is required with over-reporting (or not evading). Consequently, if a; < 0 then
B =0 so that Ba] vanishes and equation (6) simplifies to I = m? /p;.

"Tnterestingly, our results remain unaffected if we were to model income misreporting as a risky
activity, which can be discovered by the tax authority through costly audits and punished according
to a penalty function. Gahvari and Micheletto (2013) show this using Cremer and Gahvari’s (1995)
formulation of tax evasion in a Mirrleesian framework.



2.3 Constrained Pareto-efficient allocations

To characterize the (constrained) Pareto-efficient allocations, one has to account for
the economy’s resource balance, the standard incentive compatibility constraints due to
our informational structure, and the implementability constraints caused by linearity
of commodity taxes—itself due to informational constraint, as well as the monetary
expansion mechanism. To this end, we follow Cremer and Gahvari’s (1997) approach
and derive an optimal revelation mechanism. For our purpose, a mechanism consists
of a set of type-specific before-tax reported labor incomes, Ig’s, “assigned” after-tax
incomes, zg ’s, commodity tax rates on consumption when young and old, 7¢ and 7%, a
money supply growth rate, 8, and a monetary distributive rule, e{ +1.18 This procedure
determines 7¢, 7%, 0, and e{ 41 from the outset. A complete solution to the optimal tax
problem per-se, i.e. determination of Ig by the individuals via utility maximization,
then requires only the design of a general income tax function T (I;) such that zg =
- (Ig ) 19

To proceed further, it is necessary to consider the optimization problem of an indi-
vidual for a given mechanism (TC, 7.0, €141, 2, It). This is necessitated by the fact that
the mechanism determines personal consumption levels only indirectly, namely through
prices. The mechanism assigns the sextuple (TC, 7.9, eg 1 zg , Ig > to a young individual
who reports his type as j. The individual will then allocate zg , and any other dispos-
able income that he may have, between first- and second-period consumption, and real

money balances in order to maximize his utility:

; I +a
J _ t t -
Wy = U | Ctydiy1, T, - , j=h,t.
w
t

This procedure yields the conditional demands for the j-type’s first- and second-

'81f the money disbursements to skilled and unskilled workers were set according to e{_H = Gm{,
then once 6 is determined, so will e{H. The revelation mechanism will then be reduced to a quintuple
(TC,Td,H,zj,Ij).

19This formulation assumes that consumption expenditures are not publicly observable at a personal
level. Strictly speaking, this procedure does not characterize allocations as such; the optimization is over
a mix of quantities and prices. However, given the commodity prices, utility maximizing households
would choose the quantities themselves. We can thus think of the procedure as indirectly determining
the final allocations.



period consumption, real money balances, and the concealed labor income; see the
Appendix. One can then write the conditional demand functions, and the concealed

. . d
labor income, when facing (TC, 70, €141, 2t, It), as

c d T
Qs Q1595 > 20 + beya, I,

N N N

a; = a

d = c(afatiafz+ b Iwd), (7)
d{H = d qf,q;il»Qf,zt+bt+1,It,w{), (8)
xi = x qf,qtdﬂ,qf,zt+bt+1,ft,wg>, (9)

wh) )

where

g = 1+4+71° (11)
1474

q15,1+1 = 1 +T ) (12)
v _ It+1

= U 13

gt T+ ira ( )

b = _ n (14)

HT g (L)

Observe that equation (10) also determines j-type’s labor supply, ([t + a{ ) / w? . When
incomes are observable, there will not be such an equation so that a{ = 0. Assigning I;
to an individual then determines his labor supply, I;/ wz .

As a final observation, it is crucially important to realize that, in this model, an
individual’s total expenditures on goods, his (actual) disposable income, is not just
2t + b1 as it would be the case in the absence of misreporting. With 4;11/ (1 4 d411)
being the opportunity cost of holding one dollar in cash, f (at) + it418a:/ (1 +4¢41) is
the total cost of concealing a;. Consequently, the individual’s disposable income is equal
to

/)
2t +bir1 +ar— f(ap) — 5%% (15)
t+

which includes income evaded, a;, net of concealment costs where concealment costs

also include the opportunity cost of holding money for concealment.?’ The disposable

208ee also equation (A4) in the Appendix which shows the unified intertemporal budget constraint
for the young.

10



income of a particular type thus depends on whether or not he evades and to what
extent.
We summarize our discussion thus far regarding the determination of the temporal

equilibrium of this economy as,

Proposition 1 Consider an overlapping-generations model a la Samuelson (1958) with
money wherein money holdings are rationalized by a money-in-the-utility-function ap-
proach. There are two types of agents, skilled and unskilled workers, denoted by h and
L. Both types grow at a constant rate so that the proportion of each type in the total
population remains constant over time. Let a young j-type individual face, at time t,
the sextuple <7'C, 7.9, egﬂ, zg, Ig), where 7€ is the tax rate on first-period consumption,
7@ is the tax rate on second-period consumption, 0 is the money growth (or contrac-
tion) rate, egﬂ is the j-type’s allotment of money injection (or money withdrawal) to
be given in second period, zg is the j-type’s net-of-tax reported income, and Itj 1s the j-
type’s before-tax reported income; j = h,£. Reported income differs from actual earnings
by the amount misreported, a{. Under the perfect foresight assumption, the period by
period equilibrium of this economy is characterized by equations (1)—(3), and (7)-(10),
where the last four equations hold for both j = h,£.

2.4 Mechanism designer

It remains for us to specify how the mechanism designer chooses <7'C, 7.6, eg 1 zg , Ig >
This will complete the characterization of the set of (constrained) Pareto-efficient allo-
cations in every period under the perfect-foresight assumption.

Substituting the values of CZ, d§+1, :L‘g and a{, from (7)-(10), in the young j-type’s
utility function (A1) facing (TC,Td,Q, etH,zt,It) yields his conditional indirect utility

function,

v <q§7Q1§i+17 qf; zt + bt+17 It?wi) =

d J d J
c (qg7qt+17 va zt + bt—‘rla Ita wt) ad (va QtJrl?(ﬁ,;v zt + bt+17]t7wt) )
w Iﬁa(q,?,qz"“,qf,zﬁbtﬂ,b,wi) (16)

7
wy

d J
z (Q§7Qt+l7 qg; zt + bt-‘rl; Itawt> )

11



Let 6/’s denote positive constants with the normalization 3 i=th 67 = 1. The mechanism

designer maximizes

; d G g
Z 5]7) <qz:>Qt+1vquvzt +bi+1>lt>wt> ’
7=4,h

with respect to 7¢, 74, 6, eg 41 zi and Ig ; subject to the government’s generational budget

constraint,
h h h 0 (1t l h _h i Td h jh £ 0 D,

where R is an exogenous per-young revenue requirement, the money injection relation-

ship (4), and the self-selection constraints

v<q1f7qg+l7qg:7zll+b1}fl+l7lth7wgl> Z v(qgaqurl?qg:?Zf—i_berl?Ité?w?)7 (18)

v (thaqzklvqg:?zte + bf—&—laltngf) > v (thaqg—l—hqg?’zll + b?—i—lalgl?wf) . (19)

The constraints (18)—(19) require that each type of agents must (weakly) prefer the
bundle intended for them to that intended for the other type. An agent who misrepresent
his true type by choosing the bundle intended for another type is called “mimicker”. In
particular, in what follows, we shall refer to an agent of type j who mimics an agent of
type k as a jk-agent or a jk-mimicker. We shall discuss the solution to the mechanism

designer’s problem after it reaches its steady-state equilibrium in Section 3 below.

3 Steady state, optimal taxes, and the Friedman rule

In the temporal equilibrium of our model, laid out in Section 2, the equality of aggregate
money demand and aggregate money supply at time ¢ requires, from equation (1), that

Ny (Trhmf} + Wemf) = M;. Divide this relationship by Np; and rewrite it as,

Whm_?+7reﬁf _ A+ My

20
Dt Dt Nipy (20)

Now, from the consumers’ optimization problem at time ¢ under the perfect-foresight
assumption, one determines 7, xf ,al, and af as functions of p; 1. As a result, m}/p; =

zl + Bal and mf/p; = x{ + Pal are also determined as functions of p;y1. Given that

12



0, M;_1,and N; are all predetermined variables, equation (20) defines a relationship
between p; and py11. The dynamics of the model are then described by this equation
and equation (5), m‘Z_H = [(1+6)/(1+g)]m!. The economy reaches a steady-state
equilibrium when p; 11 = [(1 4 6) / (1 + ¢)] s so that m{ /p, remains constant over time.
We shall assume that the steady-state equilibrium exists and is unique. Section 5
presents an example of such an steady-state equilibrium.?!

With the steady-state being characterized by

1+0
1+p=——
4 1+yg

equation (2) establishes the steady-state value of the nominal interest rate, i, according

to
1+r
1+4+g

Similarly, from (13), the steady-state value of ¢f is written as,

1+i= (1+06). (21)

1

T = . 22

L (22)

Let, foralljzhﬁ:c{ :cjzc d l—dj_dj,l’g+1:$‘z5$j,a‘z+1:ag5aj,
IH—L{_I th—zg:zJ and b{ = b/ = /. Introduce

=24, (23)

to denote the j-type’s aggregate “observable” disposable income. One can then write

the steady-state versions of equations (7)—(10) as

c

c (qc,qd,q’”,yj,lj,wj> : (24)

& = d<qc,qd,q"’”,yj,fj,wj), (25)

2If the steady-state equilibrium is unstable, the equilibrium path will be unique. Otherwise, one
cannot rule out the possibility of multiple equilibrium paths. One will also have to worry about hyper-
inflationary and implosive bubbles. The problem of hyperinflationary equilibria concerns the possibility
of money, in the limit, being driven out of the system despite the regularity assumptions on the prefer-
ences which ensure a positive holding of real balances all along a solution path. Scheinkman (1980) and
Obstfeld and Rogoff (1983) have shown that a sufficient condition— though not a necessary one—to
rule this possibility out is to impose the restriction lim,_.o x0u/0x > 0 on preferences. This restriction
makes money, in some sense, essential to the economy. Similarly, Obstfeld and Rogoff (1986) argue that
mild and reasonable conditions are sufficient to rule implosive bubbles out (bubbles where the price
level follows an implosive path going to zero).
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xJ

x (qc,qd, ¢y, 1, wj) : (26)
o = a (qc,qd,q"”,yj,lj,wj) : (27)
Other equations of interest are the steady-state versions of the young j-type’s in-

tertemporal budget constraint [equation (A4) in the Appendix|, and his conditional
indirect utility function (16). These are given by

¢+ ¢'d + ¢"2) =y + @’ — f (a?) — ¢"Bd, (28)
v = <qc,qd,qw,yj,lj,wj> : (29)

where ¢/ +a/ — f (aj ) — ¢®Ba’? is the j-type’s disposable income. To derive the steady-

state version of the government’s budget constraint, divide equation (17) by N; to write

o=y +7 ) Z md > R. (30)

j=L,h j=,h i mys

Additionally, there is a relationship between money disbursements in real terms, &, and
real cash balances, 27 + Ba’. This is equal to (see the Appendix),
1 0 o )
Z b = 9 ™ (27 + Bd’) . (31)

Faryt 1—|—7"1+6J mryt

Finally, one can write the “jk-mimicker’s” demand functions for ¢ and d, his con-
cealed labor income, and his conditional indirect utility function as,

cj’“26<qc %, q" ", IF, wj) 32

qqqyfkwj 33

( )
:v(q,q g, ", 1" w”)
( ).
( )

a (¢ q% ¢ yF, IF 35

(32)
(33)
(34)
(35)
(36)

v (gt q% ¢, yF, IF w 36

We have,

14



Proposition 2 Consider the overlapping generations model of Proposition 1. Its steady-
state equilibrium, assuming it exists and is unique, is characterized by equations (21)-
(27). Secondly, letv? and vI*, defined by equations (29) and (36), denote the conditional
indirect utility function of the young j-type and jk-type agents; j = h, £ and k # j.
Let §7’s be positive constants with the normalization > j=th 6/ = 1. The constrained
Pareto-efficient allocations are described by the mazximization of Zj:&h 6907 with re-
spect to 7¢, 740,07, 29 and I7; subject to the government’s budget constraint (30), the

money injection constraint (31), and the self-selection constraints v > v and vt > v,

We are now ready to investigate whether, in our model with nonlinear income tax
and income misreporting, the Friedman rule (hereafter FR) is part of an optimal policy
or not. According to the FR, optimality requires a zero opportunity cost of holding
real cash balances. This is often stated in terms of choosing a rate of growth for money
supply such that the nominal interest rate is equal to zero. This is the case because

q¢® =1/ (1+1) so that i = 0 implies ¢* = 0.
3.1 Optimal tax/monetary policy

To characterize the optimal tax/monetary policy, using the mechanism design approach,
we follow the common practice in the literature and ignore the “upward” incentive con-
straint, v/ > v assuming that it is automatically satisfied. Thus, the only possible
binding constraint will be that of the high-skilled agents mimicking low-skilled agents.
Intuitively, this implies that we are concerned only with the realistic case of redistri-
bution from the high-skilled to the low-skilled agents. Focusing on the steady-state
equilibrium, the mechanism designer’s problem can then be represented as:

15 2 b e 7 g Z & (qc’qd’qx’zj +bj’lj’wj> ’
7Z ) 77— 77— ? J:£7h

subject to the government’s budget constraint,

. . . . d . —
S (- a2 R )
i=th 1+7r
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the money injection relationship (31),

—_

tg 0
—i—rl—i-éj_

© (¢7 +Bd’), ()
0h

> alb =

j=th

—_

the self-selection constraint

v (qc,qd,q”,zh + bh,fh,wh) > (q‘iqd,q”ﬁz’z + bg,f‘q,wh) .

and a final constraint for the non-negativity of the nominal interest rate i,

where the Greek letters on the right-hand side of each constraint denotes its correspond-
ing Lagrange multiplier.??

Given the redundancy of one of the redistributive instruments b" and ¢, it is suffi-
cient to carry out our optimization with respect to only b* or b’. Without any loss of gen-
erality, we will choose b". The mechanism designer then determines I, I¢, 2", z¢ bP, 7¢, 7@
and 0. In turn, consumers determine their demands for consumption goods ¢, d, real
balances, x, and the amount of income they conceal, a (thus determining their labor
supply as well).

With income misreporting one cannot rely on the standard argument in optimal tax

models that justifies normalizing, without loss of generality, one of the commodity tax

rates to zero.?> Consequently, the mechanism designer must optimize with respect to

22The non-negativity constraint on i places a lower bound on the feasible value of 6. In particular, it
follows from (21) that i >0 = 0> (g—r)/(1+ 7).

% The normalization argument is based on the observation that the demands for various goods are
homogeneous of degree zero in consumer prices and disposable income. Thus, as long as relative prices of
the various goods are kept fixed, any effect of a proportionately uniform increase or decrease in the vector
of commodity tax rates can be offset via a proper adjustment in the income tax schedule. That with
income misreporting this property no longer holds can be seen by inspecting the j-type’s optimization
problem of subsection 2.3. The conditional demand functions (7)—(10), derived from maximization of
(A1) subject to (A4) that yield first-order conditions (A5)—(A7), are not homogeneous of degree zero
in prices g, qf_,_hqf, and income y; = z¢ + by (for a given I; and wg) For further discussion of this
issue, see also footnote 32 below.
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7¢,7% and 0. Denote compensated (Hicksian) variables by a “tilde”, so that, for instance,
27 denotes the j-type’s compensated demand for z. The following Proposition, proved
in the Appendix, characterizes the optimal policy with respect to the choice of 7¢, 7¢

and 6.

Proposition 3 Let o denote the marginal utility of income for the hl-mimicker. In

the steady-state equilibrium of Proposition 2, the optimal solution for ¢, ¢ and 0

satisfy:
acﬂ ™ odi 1+g 0 (0% O Xt o,
J - — _
ZW [ 1+r8q + +r1+9<8qc+ﬁ8qc>] i (C ¢ )’ (37)
o0d 1 odl 1+g 0 (0%  ow oo
J | — - _ _
ZW [T l—i—r@q +1+r1+9<8qd+68qd>] m (d d )’ (38)

o 1t adl 1+g 0 (03  dal\|
Z”J[T_ T+ro@ 1 7«1—+9<aqw+ﬁa_qw>]_
he
/\aT [(ar:f + ,Baé) — (mhe + ,Bahé)} - %, (39)

with either (i) 1 > 0 and v = 0 if the constraint i > 0 is non-binding, or (ii) i = 0 and

v > 0 if the constraint © > 0 is binding.

Each of the equations (37)—(39) reflects an optimal trade-off that arises from a
compensated marginal increase in a particular policy instrument: between public-budget
effects (represented by the left-hand side), and mimicking-deterring effects (represented
by the right-hand side?*). Note that, in reality, the last term within the square bracket
on the left-hand sides of the three equations above captures the effect on the money-
injection constraint. However, due to the fact that an optimizing planner always chooses
the policy instruments in such a way as to achieve u = —n (see the proof of Proposition
3 in the Appendix for details), one can re-interpret the effect on the money-injection

constraint as a public-budget effect.?®

24 Apart from —y/u that appears on the right-hand side of (39) whenever v # 0 (so that ¢ = 0 emerges
as a boundary solution.)
% The fact that p = —n tells us that at a social optimum the planner is indifferent between raising
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4 Is the Friedman rule optimal?

The literature on the golden rule has taught us that whenever the real interest rate
r differs from the population growth rate g, it is possible to exploit this difference to
increase the steady-state welfare through intergenerational wealth transfers.?0 In the
absence of generation-specific lump-sum taxes, one way to do this is by levying distor-
tionary commodity taxes that entail intergenerational wealth transfers. An inflation
tax, i.e. deviating from the FR as in Weiss (1980), is one such mechanism.?” Yet this
reason for the suboptimality of the FR applies also when one rules tax evasion out
and even if the individuals within a generation are identical. Consequently, to isolate
the implications of tax evasion and agents’ heterogeneity, we proceed by assuming that
r = g so that the economy is operating at its golden rule level. We do this to abstract
away from, and not be distracted by, the golden rule considerations.

Now setting r = ¢ implies, from (21), that § = 4. Under this circumstance the
optimality of the FR, ¢* =i/ (1 +4) = 0, is the same thing as the optimality of 6 = 0.
It then follows from Proposition 3 that to have the FR satisfied, we must have

PO L ] o

TZ?TJaC] 1+TZ Jadﬂ _ /\i (df dM), (41)

ht

- Zﬂjacj 1+7~Z Jadﬂ _ )\OéTK:Bz_i_ﬁae)_(th_i_ﬁahZ)]_%’(42)

with v = 0 if the constraint ¢ > 0 is non-binding and v > 0 if the constraint is binding.

“Solve” equations (40)—(41) for 7¢ and 7%, then substitute in (42), to get (see the

the utility of type j-agents via a marginal increase in z7 or via a marginal increase in b°. This is due
to the fact that, at the individual level, the marginal rate of substitution between 27 and ¥ is one; see
equation (23).

20The terminology and the original formulation of the golden rule, in the context of the neoclassical
growth model, is due to Phelps (1961). For discussions in the context of overlapping-generations model,
see, among others, Diamond (1965), Hamada (1972), and Pestieau (1974).

7 As shown by Gahvari (1988), existence of generation-specific lump-sum taxes makes the use of such
distortionary taxes unnecessary and restores the optimality of the FR.
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Appendix): y
)\a A

acﬂz i Z BCJZ i aq

(43)

where

83 8d3 8J
AEZ a;’d Z aqu ¢ (cf_chf)+

Z 8d32 803 Z

Z adj (dé_dhé)+

Sl s DB () - (2 )

(44)

From the properties of the Slutsky matrix, the denominator in (43) is positive. Con-
sequently, the FR holds as an interior solution if A = 0 and as a boundary solution if

A>0.

4.1 Absence of tax evasion

To set the stage for the discussion of the import of tax evasion, we first consider the ap-
plicability of the FR in our model in the absence of tax evasion. Under this circumstance

@/ = a* =0.
4.1.1 Separable preferences

If preferences are separable in labor supply and goods, U = U (u (¢,d, z) — ¢ (L)), Atkin-
son and Stiglitz (1976) theorem holds and ¢! = ¢, d* = d" x* = 2. Tt then follows
from (44) that A = 0. Consequently, as with da Costa and Werning’s (2008) result,
the FR holds as an interior solution. Indeed, in this case, 7¢ = 7% = 6 = 0, coupled
with v = 0, constitutes a solution to (37)—(39) as required by the Atkinson and Stiglitz
(1976) theorem.
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4.1.2 Non-separable preferences

In the absence of tax evasion tax normalization becomes possible. Setting 7¢ = 0, the
tax optimization will be with respect to 7¢ and 0 only and we have, corresponding to

equations (40) and (42),

T¢ Z ng—zi = —)\zhe <c€ - ch€> , (45)
J
. 0d ol 0%
T Zﬂja—qx = T <$€—$h€) —p. (46)

Eliminating 7¢ between these two equations yields,
v = Ao [(a:é — xh£> + % (cé - ché)] . (47)
— Y M5
Now recall that in da Costa and Werning (2008) the FR holds as a boundary solu-
tion if preferences are non-separable provided that real cash balances and labor sup-
ply are complements. This second result of da Costa and Werning (2008) does not

t > zh no longer guarantees that the

hold in our setting. Their assumption of x
right-hand side of (47) is positive so that v > 0. An additional assumption such as
(=) y 7 (0¢7 /9¢”) > 0 is also required.

The discrepancy in the results is due to the fact that there is no differential com-
modity taxation in da Costa and Werning (2008). Intuitively, the reason that i = 0
emerges as a boundary solution in their model is the desire to encourage the consump-
tion of real balances by subsidizing it. Due to 7¢, however, the consumption of real cash
balances might already be high enough as to making it raise further by pushing ¢ down
to zero undesirable. The additional (cé — che) Zj gl (GEj / 8qz) > 0 constraint is meant
to preclude this possibility. To see the argument, suppose the additional constraint is
violated so that (cf — c") 3° j 7 (8¢ /9¢*) < 0. Given that from (45) 7° and ¢ —c are
of opposite signs, this is equivalent to 7¢ Zj 7l (8@/8(]9”) = 7°¢ Zj m (851/8qc) > 0.
In turn, this implies that 7¢ and Zj i (857 / 8qc) are of the same sign. Whether 7¢
is positive or negative, its presence implies a higher consumption level for real cash

balances.
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Finally, notice that with no differential commodity taxes in our model, 7¢ = 7¢ =0
and v reduces to
v = Aol <w£ — wh£> .

The z¢ > 2" assumption is then sufficient for v > 0.

4.2 Tax evasion

Lemma 1, proved in the Appendix, provides the key to understanding the import of tax
evasion for the results concerning optimality of the FR (and redundancy of commodity

taxation in general).?8

Lemma 1 Faced with the mechanism (TC,Td,G,bh, 2 2 IR, If), the hl-mimicker con-
ceals a larger amount of income (ahe > al ) and has a larger disposable income than the

L-type.

Lemma 1 implies, among other things, that tax evasion leads to the breakdown of
two common results in optimal Mirrleesian income tax models. One is the celebrated
Atkinson and Stiglitz (1976) theorem. Suppose preferences are separable in labor sup-
ply and goods so that individuals’ marginal rates of substitution between goods are
independent of their labor supplies. This implies that in the absence of tax evasion,
the hAl-mimicker and the ¢-type would have identical demand for goods (which makes
differential commodity ineffectual for redistributive purposes). On the other hand, with
tax evasion, the hf-mimicker and the /-type would have different levels of disposable
income despite having the same (ze,IZ) bundle. As a result, they will have different
demands for goods. This restores the usefulness of differential commodity taxes, and
along with it, a role for deviating from the FR if preferences are separable in labor
supply and goods.

The other is the result that the hf-mimicker has a lower labor supply than the true

low-skilled agent. In the absence of tax evasion, this result follows because the mimicker,

28 There is one exception to the result stated in Lemma 1: If the deviation from the FR is substantially
large, both the ¢-type and the hé-mimicker may find it optimal to report their earned income truthfully
(ae =g = 0). However, given that this exception is predicated on the premise that the FR is violated,
one can safely ignore it. See also footnote 44 below.
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being more productive, works fewer hours to earn the same amount of income as the
low-skilled. A result that allows one to compare the mimickers’ and the low-skilled
agents’ demands for a particular good based on the complementarity/substitutability
of that good with labor supply. That with income tax evasion a™ > af implies one
can no longer conclude that the labor supply of a low-skilled agent, L! = (I €y aé) / wt,
is unambiguously larger than that of an hf-mimicker, L = (I t 4 ahé) Jwh 2 This
ambiguity deprives the complementarity /substitutability assumption of its predictive
power. We will see the relevance of this finding for the optimality of the FR in the

discussion of the non-separable preferences.?’

4.2.1 Separable preferences

That Lemma 1 implies ¢/ # ¢, d* # d", 2 # 2" even if preferences are separable
in labor supply and goods alerts us to the fact that in the presence of tax evasion
expression A given by (44) can be equal to zero only by chance for some special type
of preferences. That is, as a general rule, the FR does not hold as an interior solution.
Indeed, one can easily prove that with separability if all pairs of goods are Hicksian

substitutes, the FR can never hold as an interior solution. Interestingly, it cannot hold

29More precisely, the fact that a mimicker has a higher wage rate exerts both an income and a
substitution effect on labor supply. The income effect is negative and tends to make the mimicker’s
labor supply lower than that of a low-skilled. The substitution effect, on the other hand, may be either
positive or negative (for a detailed analytical proof of this claim, see section 2.2 of Blomquist et al.,
2011). If the substitution effect is positive and large enough, a mimicker’s labor supply will exceed the
labor supply of a true low-skilled.

39TLemma 1 also sheds light on the reason for our earlier observation regarding the relevance of tax
normalization. With income misreporting, even a uniform commodity tax rate can have a bite and
normalizing one of the commodity tax rates to zero is no longer a harmless assumption. To see this,
note that according to this Lemma, income misreporting implies that a mimicker has a larger disposable
income than a true low-skilled agent. Now start from an initial equilibrium where commodity taxes are
not used and consider introducing a small uniform commodity tax at rate 7 on all goods, while at the
same time raising the after-tax reported income 27, j = £, h, to leave the utility of the non-mimicking
agents unchanged. [In our setting, this requires adjusting 27 by dz’ = [cj +d/(1+ r)} 7.] With the
hé-mimickers’ disposable income exceeding that of true low-skilled agents, and for simplicity assuming
i = 0, the total expenditure of the mimicker on goods ¢ and d exceeds that of a true low-skilled agent:
M+ d" /(1 +7r) > " +d°/ (1 +7). Consequently, the increase in 2* is not enough to fully compensate
the mimicker for the introduction of the uniform commodity tax. As a result, this reform makes the
hé-mimicker worse-off and slackens the previously binding self-selection constraint. This means that, in
the presence of tax evasion, the absolute price levels of ¢ and d matter and one cannot simply normalize
one of the prices.
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as a boundary solution either. To prove this, recall that from Lemma 1, a™ > af
so that an hf-mimicker has a larger disposable income than a true low-skilled agent:
Y +al — f (ahg) —Bg*al >yt +al - f (ag) — Bga’. Moreover, with separability, labor
supply does not directly affect the way income is spent across goods. Thus, assuming
all goods are normal, ¢ > ¢f, d" > d¢, and 2" + Ba > 2!+ Ba’ ! Now, assuming all
pairs of goods are Hicksian substitutes, the bracketed expressions to the left of (cé — chg)
and (de — dhe) in (44) are positive. At the same time, from the properties of the Slutsky
matrix, the bracketed expression appearing to the left of [(a:é + Bae) — (a:he + 6ah£)] is
also positive. Consequently, A < 0 and the FR holds neither as an interior solution nor
as a boundary solution.

On the other hand, if at least one pair of goods are Hicksian complements, then the
FR might hold as a boundary solution. For instance, if x is a Hicksian complement
to both ¢ and d, while ¢ and d are Hicksian substitutes, the first two terms in A are
positive’? and the FR may hold as a boundary solution. To get an intuition for why
this might happen, suppose one chooses 7¢ and 7¢ optimally conditional on i = § = 0.
Both 7¢ and 7¢ would then be positive,®® thus indirectly discouraging the demand for
real cash balances (since z is assumed to be a Hicksian complement to both ¢ and
d). If the induced downward distortion on the demand for cash balances proves to be
suboptimally large, the social planner may want to counter it by pushing 7 all the way
down to zero.

Another instance of income misreporting negating the optimality of the FR as an
interior solution with separable preferences arises when the general income tax is the
only instrument used (7¢ = 7¢ = 0). Under this circumstance, equations (37)-(38) in

Proposition 3 no longer apply and the optimality condition for monetary growth rate is

31The possibility for equality arises if agents are not under-reporting so that 8 = 0 and if both z* and
2™ happen to be at the satiation level.

32Remember that, under separability and with income misreporting, ¢t — " <0and d —d¥ < 0.

%3 This can be easily seen by setting # = 0 in (37)-(38) and remembering that ¢’ — c"* < 0 and
d —d" <o.
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given by equation (39) only. Setting v = 0 and 7¢ = 7% = 0 in equation (39) yields,

1+9 Z <8x] gZJ) /\%hﬂ {<x£+ﬁag) - (zh£+ﬁahz>} '

The FR is thus violated in the presence of tax evasion because, as we have seen, the

right-hand side of the above equation is negative.?* Indeed, given that 077 /9¢* < 0
and 9a’ /0q® < 0, the optimal solution for 6 is positive. On the other hand, without
tax evasion, the right-hand side collapses to zero so that 8 = 0 and the FR holds. The

example presented in Section 5 illustrates that this is the case.
4.2.2 Non-separable preferences

With non-separable preferences, tax evasion implies that the FR may or may not hold as
a boundary solution. Inspecting the various terms in A, as given by (44), reveals that A
may be positive or negative depending on the various substitutability /complementarity
relationships between goods and between goods and labor supply. However, unlike the
case without tax evasion, one cannot establish simple sufficient conditions for A > 0
(and the optimality of the FR as a boundary solution). The problem is that even
full knowledge of the substitutability /complementarity relationship of labor supply to
¢,d, and z leaves the signs of (cé — ché) , (dz — dhe) and (a:e + ,Bae) — (mhe + 5@“) in
A indeterminate. In the presence of tax evasion, as we mentioned in our discussion of
Lemma 1, either the low-skilled or the mimicker can have a larger labor supply.3?

The results of this section are summarized as:

Proposition 4 Consider the steady-state equilibrium of Proposition 2 at its golden rule
level:
(i) The Friedman rule does not generally hold as an interior solution.

(ii) The Friedman rule may or may not hold as a boundary solution.

31Observe that in the absence of commodity taxes, low-ability agents (as well as hf-mimickers) face
a positive marginal income tax rate so that they will never be over-reporting. Consequently, 5 > 0 and
even if zf and 2" happen to be at the satiation level, the right-hand side is always strictly negative.

35The problem is simpler with separable preferences because we need not know which agents have a
larger or smaller labor supply. It simply does not matter.
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(i1i) A necessary condition for the FR to hold as a boundary solution under separa-
bility of preferences between labor supply and goods is that at least one pair of goods are
Hicksian complements.

(iv) Whether or not complementarity between real cash balances and labor supply
favors the optimality of the FR as a boundary solution depends on whether the labor
supply of a low-skilled agent exceeds or falls short of the labor supply of an hé-mimicker.

(v) Even in the absence of tax evasion, complementarity between labor supply and
consumption of real cash balances does not guarantee the optimality of the Friedman

rule as a boundary solution.

5 An example

Assume that skilled and unskilled agents have identical preferences represented by:

1
Ut = In ct + In dt+1 — It In Tt — 025_[/;1, 0< T < g ~ (0.367879. (4.8)

There are as many skilled as unskilled workers agents in the population so that 7/ =
7t = 0.5. Their real wage rates, reflecting their productivities, are constant over time
and set equal to w” = 26 and w’ = 20. Assume further that the government’s objective
function is purely utilitarian with 6" = 6° = 0.5. Moreover, given that in a two-period
setting the length of each period corresponds to the length of the working-life of each
generation, one can reasonably set r = g = 0.5. As far as the government’s external
revenue is concerned, we set R = 0 so that optimal taxes are purely redistributive.

It will be instructive to solve this with as well as without income tax evasion. As-
sume, when tax evasion is feasible, the avoidance cost function is given by f (a;) =
a?/200. That is, it costs a j-type worker who conceals a{ of his income, <a{ )2 /200 in
real resources to make his evasion go undetected. Under this circumstance, set 5 = 0.05.
This means that the evader will also have to hold an extra (.05 in real balances in order

to be able to conceal one unit of income.36

36 This captures the second usage of money in the presence of tax evasion, as explained in the paper.
If there is no such requirement and money is rationalized only through entering into the utility function,
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5.1 Steady-state solution in the absence of evasion

We begin by solving for the steady-state equilibrium in the absence of evasion. If evasion
is not possible, a{ = 0 and the true income of a j-type worker is equal to his reported

income, Ig . In the absence of income tax evasion, the intertemporal budget constraint

of this worker is written as®’

d\ 7 . J
(1 +7 )dt+1 L1 R €41

147 ¢ + . =z :
( )< L+r Ttigr b 7 p (L+7)

To arrive at the steady-state solution for the optimal tax/monetary instruments, we
follow the two-step optimization procedure outlined in the paper (using the KNITRO

package when solving for the government’s optimization problem). This yields:

™ = 1t1=0,

§ = i=0,

T (Ih) — 0,

T (ﬂ) — 6.3%.

The results are as one expects. Given the separable specification of preferences in the
example, Atkinson and Stiglitz (1976) theorem applies: Commodity taxes are redundant
and the FR holds. Moreover, T” (I h) = 0 reflects the no-distortion-at-the-top result.3®
Observe also that from the relationship 1 + ¢ = (1+6)/(1+ g), one calculates
@ = —0.33. That is, with no increase in money supply and a population growth rate of
50%, the price level is falling at a rate of 33%. These instruments result in the following

values for the goods and services that appear in the preferences:3’

" = 14.8523, d" =22.2785, 2" =0.367876, L" =1.2052,

= 123179, d°=18.4768, z'=0.367876, L’ =1.1503.

B = 0. Examples of this type, i.e. with g = 0, are simpler to construct.

37This is derived by setting a] = 0 in equation (A4) in the Appendix.

38 These tax rates imply that I" = 31.3352, 2" = 29.7047, I* = 23.0052, and z°* = 24.6358. Moreover,
with no increase in money supply, b* = b° = 0.

39 As one would expect, the calculated values for ¢ , and 2" are precisely identical to the corre-
sponding for ¢, d*, and z*; while L™ = 0.884815 < L*. It is also the case that u" = u"* = 5.64221 and
u® = 5.3578.

he ght
,d
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5.2 Steady-state solution with tax evasion

The intertemporal budget constraint of the j-type agent in the presence of tax evasion

is the more complicated formulation given by equation (A4) in the Appendix. Thus, in

the first-stage of our optimization problem, this agent also chooses a] (in addition to

C’Z , d{ 41, and xi ). Again, using the KNITRO package and following the steps outlined
in the paper, we find

¢ = 1¢=5271%,

0 = i=066.65%,
T (Ih) —  _0.36%,
T (ﬂ) = 2.39%.

Note that the presence of income tax evasion necessitates the levying of commodity
taxes as well as the negation of the Friedman rule.? Observe also that tax evasion and
its concealment imply that the marginal income tax rate faced by each agent must be
equal to the agent’s marginal cost of concealment plus his implicit cost of holding extra
money for the purpose of evasion: 1" (I7) = f' (a’) 4 8i/ (1 +14); see equation (A7) in
the Appendix for a formal proof.*!

This time around, from the relationship 1 + ¢ = (1+6) /(1 + g), and with 6 > g,
one calculates ¢ = 0.111. Given the optimal positive rate of money injection, the price
level is now increasing. These instruments result in the following values for the goods

and services that appear in the preferences*?:

0That 7¢ = 7 in this example is due to the logarithmic specification of the utility function. Inter-
estingly too, in this example, the average labor-income tax rates (I — z) /I on both agents turn out to
be negative (even though the marginal labor-income tax rates are positive).

“1Tn calculating the marginal income tax rate for the skilled worker, 7" (Ih), we have set 8 = 0 for him
because a” < 0. Given the above reported tax rates, we now have, I" = 31.0085, I = 22.8557, so that
both agents earn less income as compared to the no-evasion solution, with 2" = 32.1619, z° = 24.5419.
Observe also that, with 8 > 0, b" and b* are now positive and calculated to be b" = 0.001662 and
b* = 0.143791.

120bserve that with tax evasion,

M =14.7884, d"* = 22.1825, z""* = 0.358549,

he ght
,d

so that the values for ¢ , and 2" are now different from the corresponding values for ¢, d*, z*.
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A = 15.1329, d" =22.6994, 2" =0.358759, LM =1.1788, " = —0.3600,

¢ = 11.8129, d‘*=17.7193, z'=0.356236, L'=1.1622, o= 0.3889.

6 Summary and conclusion

This paper has developed a version of Samuelson’s (1958) overlapping-generations model
that (i) includes money, (ii) is populated with agents who are heterogeneous in terms of
earning ability, and (iii) allows for tax evasion. Money is used for two reasons. One is
the traditional (non-evading) usage captured by money-in-the-utility-function; the other
is to facilitate tax evasion. Money supply increases, or contracts, at a fixed rate per year
through lump-sum money transfers to individuals. The policy-maker has information
on the distribution of abilities in the population, on individuals’ preferences, and on the
technology used by agents to shelter income from the tax authority. Reported incomes
are subject to a nonlinear tax schedule.

The paper has studied the nature of the economy’s perfect-foresight temporal equi-
librium as well as its steady state. It has characterized the informationally constrained
Pareto-efficient allocations of this economy and the properties of the optimal commodity
taxes that implement them. In the absence of tax evasion, it has shown that as long
as preferences are separable in labor supply and goods, Atkinson and Stiglitz (1976)
theorem applies and the Friedman rule becomes optimal for precisely the same reason
that commodity taxes become redundant in such a setting.*> With non-separable pref-
erences, if consumption of real cash balances is positively related to labor supply, one

would want to encourage the demand for cash balances. Absent (differentiated) com-

We calculate o™ = 7.03378 > af, as must be the case according to Lemma 1. We also have, L"* =
1.14959 < L*. Finally, we calculate u" = u = 5.72427 and u® = 5.25539. The possibility of income
tax evasion increases the utility of skilled agents at the expense of the unskilled agents. The reason for
this is that tax evasion increases the utility of the mimicker thus reducing what one can take away from
skilled workers.

43 As stated in the paper, to abstract away from golden-rule considerations, this and other stated
results in the Summary and conclusion are derived assuming the economy is operating at its golden rule
level.
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modity taxation, this implies that the optimal nominal interest rate is negative, and
therefore, given the non-negativity of nominal interest rate, the Friedman re-emerges as
a boundary solution. With optimally differentiated commodity taxes, however, comple-
mentarity between real cash balances and labor supply is no longer a sufficient condition
for the optimality of the Friedman rule. If goods that are Hicksian substitutes for real
cash balances are taxed at relatively high rates, deviating from the Friedman rule may
be part of an optimal policy even with positively correlated real cash balances and labor
supply. The same is true if goods that are Hicksian complements to real cash balances
are taxed at relatively low rates.

The presence of tax evasion has important consequences for the desirability of the
Friedman rule. The reason is that although the agents who are high-skilled but pretend
to be low-skilled and true low-skilled agents have the same before-tax reported labor
income, they will nevertheless have different disposable incomes. A situation that cannot
happen without tax evasion. Specifically, the “mimickers” conceal a larger amount of
income which results in their having a larger disposable income than the true low-skilled
agents. This difference breaths a new life into the redistributive power of monetary
growth rate and the Friedman rule does not generally hold as an interior solution if
preferences are separable in labor supply and goods. Moreover, because of tax evasion,
the labor supply of a high-skilled mimicker can exceed that of a low-skilled agent. This
implies that complementarity of real cash balances and labor supply may even weaken
the case for the optimality of the Friedman rule as a boundary solution.

We conclude by pointing out that while not formally discussed in the paper, our
results are robust on three fronts: the number of types in the economy, modeling income
tax evasion as a risky activity subject to audits, and the possibility of commodity tax

evasion; see Gahvari and Micheletto (2013).
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Appendix

Derivation of (7)—(10): Formally, given any vector (TC,Td, 0,e11, 2, It), an individ-

ual of type j chooses ¢, diy1, ; and a; to maximize

; I
ug =u (Ct7 dt+1,$t, Lﬁ) ) ] = h’aga (Al)
wy

subject to the per-period budget constraints

pe [(1+7°) ¢ 4 s¢] +my = pi [0 + ap — [ (ar)], (A2)

Di+1 (1 + Td) diy1 = pese (1 +dp01) + my + €441, (A3)

where s; is the level of real savings chosen by the agent. Observe that 6 does not
explicitly appear in the problem above; it does so implicitly through its effect on ;4.

Next combine equations (A2)-(A3) into a single intertemporal budget constraint for
the young. To this end, substitute z; + a¢ — f (a¢) — (1 + 7¢) ¢ — my/py for s; from (A2)
into (A3) to get:

Di1 <1 + Td) div1=pi[ze+ar— f(ar) — (L +7%) e —my/pe] (L4 dp11) + my + €441 =
DPt+1 [Zt + at — f (at) — (1 + Tc) Ct — mt/pt] (1 + T') + g + €t+1 =

Pt [zt +ar — flar) — (L 4+7°) ¢ — ¢ — Bag) (1 4+ 1) + peay + Bpras + €41,

where in deriving the last equality we have substituted p; (z; + Ba;) for m; from equa-
tion (6). Divide the above expression by pi;+1(1+r) and substitute 1/ (1 + ;) for
pt/Dr+1 (1 + 1) to arrive at

(1 + Td) di+1
1+7r

xt + Bag €yl
1+ pep1(147)

=z +ar— f(a) = (1+7°) et — 21 — Bag] +

Rearranging the terms and simplifying leads to

(1 + Td) dt+1 Te41
1+7r 14241

Ut+1 Ba €t+1
B t ——.
144 pey1 (L+7)
(A4)

(1+7%e+ xp =z +ar— f(a) —

30



The problem of a young j-type, who is facing the sextuple (TC, 7.0, e1h1, 2, It), is
to choose ¢, dyy1, ¢, and a; in order to maximize (A1) subject to (A4). The first-order

conditions for this problem are

dul /dds 1 _ 1474 (A5)
oul /ey (L+79) (1 +7r)
811/{/837,5 _ it+1 (AG)
dul /Ocy (1 +7¢) (14 dg41)’
Oul /0Ly [1—f'(a) = Birr1/ (1 +ir1)] wf (A7)
oul /Oy L+7e ’

where (A7) holds when a # 0 is optimal for an agent.** Conditions (A5)-(A7), along
with the individual’s intertemporal budget constraint (A4), yield equations (7)—(10).
Derivation of (31): Substitute for M; from equation (1) into (4), divide by N¢p:, and

substitute for mi from (6) into the resulting equation to get:

h ¢ h ‘

e e m m
I S AL | ) <7Th Lot t)

Dt Dbt bt bt

= 0 {ﬂ'h (:L‘? + Ba?) + it (:L‘f + Baf)} .

Then, using the relationship between e{ 41 and b{ 41 given by (14), rewrite the above

equation in terms of b{H, and substitute (1 + i;41) for (1 +7) pry1/pe:
(1 + 1) (th?ﬂ + Wzbfﬂ) =0 [wh (x? + Ba?) + t (a:f + Baf)} .
The steady version of this equation is,

(1+44) ijw:HZﬂj(:Ej+ﬁaj).

j=t,h j=t,h

Dividing this equation by (1 + 4) and substituting for (1 + ¢) from (21) in it yields (31).

H1f @ = 0 is an optimal choice for an agent, it might be the case that

duj /0L < (1= f"(a) = Birs1/ (1 +iey1)] wﬁ"

au{/ﬁct 1+7¢

This can happen if an agent faces a positive marginal income tax rate 7" (I;) and at the same time
0< T (It) < Bity1/ (1 +it+1). We are ignoring this possibility because its occurrence is predicated on
the optimality of violating the FR. See also footnote 28 above.
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Proof of Proposition 3: The mechanism designer’s problem can be described by

means of the Lagrangian:

- . 1+g 6 ,
_ Ty h _ ht Jy _ 7 J (pd J
L = 'Z6v+)\<v U>+7] 'Zﬂ'bj e 7 (27 + Ba’)
j=L,h j=th j=th
i ZW]<I]—zJ+TCc7+1+Td]>—R + i

j=t,h

Given the redundancy of one of the redistributive instruments b" and b, it is sufficient
to carry out our optimization with respect to only b or b*. This follows because op-
timization with respect to 6 and either b" or b¢ will determine the other b" or b¢.4°
Without any loss of generality, we will choose b”. Then, the first-order conditions of

this problem are:

h h
51 = (5+%) § ~ vt (57 + S5

o dcl 74 9dh B
oI oIn 14+r1+6 7

o T 1ol
(AS)
act 74 9d’
art " FW) =0
(A9)
ot od
( oy 1_+ra_w>
(A10)
oL ot ovht 1+ 0 ozt da’ Loct ¢ odt
5 05~ —rreres (o o)~ (175~ e =0
(A11)
h h h h d h
5= () oo - 1 (G5 | o (57 + ey 0
(A12)

+ pr” <1 + 7€

oL
W_(S 6[‘3_)‘8[4’ T+

)

owt o 1449 0 ! <8$£ 8aé>

>

oL o ovh l+g 6 (02" dal
877(5 +)\>8yh_n1+r1+9ﬂ 8h+5 h

If the money disbursements to skilled and unskilled workers were set according to e{H = Omi,
then the optimization with respect to ¢ will suffice. Under this circumstance ¥’ = 0m’/(1+1i) =
6 (27 + Ba’) / (1 +1) is fully determined once 6 is determined.
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ov ovht 1+g 0 - (Ox) a’
J _ _ J
25 87‘0 (87‘0 87"3> nl—i—rl—i—ﬁ - T <8 c +B8T¢>

ay oc ¢ Od/
J c _
+MZW (dw aTc+1+raTc> 0, (A13)
ov ot 1+g 0 oz’ da’
i _ -
Zé (8Td 87’d> Mrite - ™ <8d+687'd>
o @’ 4 Od
J — | =
+MZ7T (7‘ +1+7’+1+T8Td> 0, (A14)

oL - Ovd ov ot 807 ¢ odi
—_— ) J -
7 ;5 89+)\(89 )*“Z”< 1+7’89>

_1+g ] J J 0 3x3 % ﬂ—
’71+r{( 2Z”x+6a)+1+0 et )| Ty

(Al5)

where comparing (A10) with (A12) reveals that = —n.
By way of substituting for ¢ from (21) in (13),
(040 -(tg | 1tg
(14+7)(1+0) (14+7r)(1+96)
Differentiating with respect to 6 yields
O¢" 149 1
90 1+7(1+06)%
Using 827 /00 = (827 /0¢") (8¢*/06) and da’ /00 = (0a’ /0¢") (0g”/DP), one can then

(A16)

derive the following expressions,

oz’ 1+g 1 027
99~ 147 (110)20¢"
da’ 149 1 0d
90 1+r(11020¢
Similarly,
ac’ 1+g 1 0d
9 " TrrQrerar
od’ 149 1 Od
W T 1xrQ1 0P
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Next, differentiate v/ and v7¥, as specified by equations (29) and (36), with respect

to 27, b1, 2%, b*. We have,

o
@’0,7’27"1,1)]'7[]'

ok
Era ‘9 7,74 bk Ik

o’ o’ ,

%’0 Te,rd 23 17 — m’qm,qc,qd,ﬁ =a, (A17)
av‘]k 8’0‘jk ik

abk ‘chT zk Ik = a Ok ’q ,q° qd k= Otj . (A18)

Similarly, differentiate v/ and v7* with respect to 6, using (A16) and Roy’s identity, to

get
aai;hj,fc,rd,zj,n = g—ilqc,qd,yj,fj% = —a’ (27 + Ba’) ﬁ:iﬁ, (A19)
Moreover, with 9¢°/87¢ = 1 and 8¢%/7% = (1 + )", we also have,
gigg,fd,bj,zj,[j 8Lj|qx,qd,yj71j% =—ald (A21)
aavjcka 4ok 2k T é)av]ckhz qdyk,IF g Z = —alteh, (A22)
%fe,fc,bj,zj,n %Iquqc,yj,fjg—qz = —odd . Jlr - (A23)
%zj: |0 7C,bk 2k Ik 821]: |q ¢k, [kg Z —al* ik 1 _T_ e (A24)

Finally, use the result 4 = —n and equations (A17)-(A24) to simplify and reduce the

first-order conditions (A8)—(A15) into the following seven equations:

1

<5h+)‘)g_1;z+mh[1+r

he
55@ _>\8U

1
l
oIt~ oI ‘”{

1

147

(5h+A)ah+mh [1+r
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(1+¢)0 (02" Db o rl adh]
140 8Ih+68[h AT emEtTram| 0
(A25)

(1+¢)0 (02t  dat Lac o ad
T+0 aﬂ*ﬁaﬂ Hltrem e | =Y
(A26)

(1+g)9 8$h+58;‘dh _1_|_7-08_Ch T_d @ —
1+6 \oyh oyl oy~ 1+royh|
(A27)



1 (1+g)0 (02" da’ Loct ¢ 9d’
(P4 ht L
_ _— ) g
5t — N + pm [1+r T30 <8y5 oyl +7T 84+1+r8y =0,

(A28)
- E Mol + N (ahgchz - ozhch> +
J

A oc 1 odl (14 9)0 (02 da’
J cY d ve _
[LZT[‘ {C7+Taqc+1 [ o + 50 <8qc+6 >]} 0, (A29)

dq°

~S Fald 4+ (ahfdhf - ahdh)
J

yoa . .
+Mzwj{dj+[ gc]+ T adﬂ+ (1+g)0 )<@+ﬁaaﬂ>“_07

’ 1+rdgd  (1+0)(1+7r) \9¢? dq?

(A30)
- zj: 6ol (xj + ﬁaj) +A [ahz (:L‘M + Bahz) —a" (l‘h + Bahﬂ + ’Y(l —l—(?;)j—(gl);i- o

od T o 1 (1+9)0 (92 0]
J J — Y dq® B
+“Z7r{ + Ba’) +T@x+1+r8qx+1+r 1+0 <8q ﬁ >}

(A31)
Let &, cjj, 77 and @’ denote the compensated versions of ¢/, &/, 27 and a’. Use the

Slutsky equation to rewrite equations (A29)-(A31). Rearranging the terms and using

(21),

—Zéjajcj%-)\(ahfchg )+MZ
J

dg¢  1+4+r1dq  (14+60)(1+r) 8qch 9q°

+uzchj{1_[708_?+7_d%+ﬂ<ax” L) Y

- oyl 14+roy  (1460)(1+4+r) \ Oy

[303+ daJJ+ (149)6 (agj aaj)]

(A32)
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S o d 9 7
_Zé]ajdj_{_)\(ahfdhg hdh)+ﬂz7rj [Ta_c T 9d _{_L)e)(ai
J

1+78¢8 " (14+60)(1+7) \9¢?

- o ¢ Od/ (14+9)0 ox? da?
Jigi )1 |25 AT G IV A - —
+MZ7rd {1 [78]+1+r8yf+(1+9)(1+r) <8yﬂ B@w)]} 0

: (A33)

~ " §9ad (27 + Bal) + A [ahé (xhé +5ah4) ot (a:h +Bah>}
j

acﬂ 4 Odi (1+9)0 (037 0
J -~ IS4
+'UZTF [T l—i-r@q +(1—H9)(1—i—7“) <8q3’+68q)

. ; oc ¢ Od (1+g)0 oz? da’
J J J — c_ - - -~ J7 - =
T @) 1= [ G+ T et (o o)) =0

+’y(1+z)

(A34)

Next multiply equation (A27) by ¢” and equation (A28) by ¢! and add them together;
similarly, multiply equation (A27) by d" and equation (A28) by d’ and add them to-
gether, and multiply equation (A27) by 2" 4+ Ba” and equation (A28) by =z’ + Ba’ and
add them together. We get

L0c ¢ Od’ (14+g9)0 oz? da’ B
Z”J"‘]{l‘[ o0 T Trroy T+ 0 (T ><ayﬂ Bﬁﬂ}

<5h + )x) ol 4 6tatct — Aalet, (A35)
L0c ¢ Od’ (14+g9)0 Ox? Oa’
J 47 _ - -~ S | = - —
Zﬂd {1 [ i 1+7’8yj+(1+9)(1+7‘) <0yf+68yj>}}
(5h + A) aldh 1 §taldt — aahtdt, (A36)

. d .
J

1+roy  (1+60)(1+r) 8y3 oyl
(5h + A) ol (mh + ﬁah) + 6tat (me + Baz) — A (332 + ﬂaé) . (A37)

Equations (37)—(39) are obtained substituting from (A35)—(A37) into (A32)—(A34), sim-
plifying terms and taking into account that ~ (1 + %)% = ~ (since v = 0 for i > 0).
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Proof of (44): “Solving” (40)—(41) for 7¢ and 7%, one gets

(¢ )8 )

© o= oc odi o odi ’ (A38)
. Z ™ 5 Z'Waq _Zﬂaqd ’WW
XM (d — dhe) >, gf,] — (f =) > 6‘3] (A30)
147 ch Zj i ggﬂ _ Z acJ 2 adJ

Substituting in (42) and simplifying leads to (44).

Proof of Lemma 1: Consider the problem of a j-type individual choosing ¢, d, and x

to maximize u (c, d,z,(I +a) /wj) subject to the budget constraint
¢c+qld+q'r=y+a—f(a) - Bq"a,
conditional on a given value for a. This optimization problem yields
= c(y,I,wj;a) ;od= d(y,[,wj;a) R :a:(y,f,wj;a) ,

where for ease in notation we have suppressed ¢°, ¢%, ¢* from the list of arguments. This
allows one, through the composite commodity theorem, to define a new utility function

in the (y, I) space:
U(y,[,wj;a) Eu(c(y,[,wj;a),d(y,[,wj;a),x(y,[,wj;a),(l+a)/wj).

Observe that normality of ¢,d, and x in u (-) ensures normality of y in U (). In turn,

this ensures that the “single-crossing” property is satisfied for U (-) .46

Next define the marginal rate of substitution between observable disposable income,
y, and before-tax reported labor income, I, for an agent of type j as,
oU (y,[,wj;a) /oI
oU (y, I, wi;a) /9y
1+7°ug (C(yalawj;a) ad(yalawj;a) ,:v(y,[,wj;a) >(I+a)/wj)
wi ue(e(y, Iwisa),d(y, I, wisa), z (y, [,wiia), (I +a) /wi)
(A40)

MRSy (y,[,wj;a) =

40 The single-crossing or “agent monotonicity” condition requires that the marginal rate of substitution
between consumption and income, y and I in this case, to be decreasing in wage so that at any (y,I)
bundle, the high-ability agent will have a flatter indifference curve than the low-ability agent. In this
way, they can cross only once. See, e.g., Salanié (2011).
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Observe that the normality of y also implies that M RS, (y, I, w; a) is increasing in
a. This happens both because an increase in a, for a given I and w’, implies a higher
labor supply, and because it implies a larger disposable income, y + a — f (a) — f¢*a.

Finally, from equation (A7),
MRSy (y,I,w'sa) =1 f'(a) - Bq".

Hence a low-skilled agent when faced with the quadruple (¢¢, ¢%, ¢%, %%, I*), implied by

the mechanism (Tc, 7¢.6,b", 20 2 10, IE), chooses a to satisfy,

MRSy; <y€,lé,w£; a) =1— f'(a) — Bq". (A41)
On the other hand, the Af-mimicker chooses a such that

MRSyr (yé,IZ,wh;a> =1— f'(a) — Bq". (A42)

Denote the solution to (A41) by a’ and the solution to (A42) by a”. It follows from
(A41)—(A42) that

MRSy <y£,lf,w£;az> +f <a£> = MRSyr (yz,le,wh; ah£> +f <ah£> . (A43)

At the same time, the single-crossing property implies that for the same value of a,

MRS,; (!, I, w';a) > MRS,y (', I', w";a); or
MRS, (yf,ff,wf; c/) +f (a£> ~ MRS, <y€,lé,wh;a€> +f (M) . (Ad4)
Substituting from (A43) for the left-hand side of (A44),
MRS, (yﬁ, ¢, wh; ahf> Y f (W) > MRS, (yﬁ, I whs a’f) +f (a£> .

Now with MRS, (y, I,wl; a) increasing in a as shown earlier and f’ (a) increasing in

a, due to convexity of f (a), it follows from the above inequality that " > af.
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